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PREFACE. 

T he present yolume is intended to be tor tbe use 
of the olass of students for my ElemmU 

of Statics and Dynamics was written, and may be 
regarded as a continuation of that book. 

Hence, except in a very few articles, only a know¬ 
ledge of Elementary Geometry and Algebra and of 
the Elements of Trigonometry is presumed. 

A few formulae relating to the mensuration of some 
elementary solids are prefixed to the text. 

Most of the examples in the chapters are easy, 
with the exception of a few in Chap. IV. and some at 
the end of Chap. V. These latter examples, as well 
as a few other examples and articles marked with 
asterisks, should be omitted by the student on a first 
reading of the subject. 
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PBXFAGS. 


The Miscellaneous Examples at the end of the book 
are, with the exception of the first few, generally of a 
harder type than those in the different chapters. 

Any corrections of errors, or hints for improvement 
of the boojc, will be thankfully received. 

S. L LONEY. 


RoTAL HoLLOWAT OoiiTilEOll, 
Eoham, Sdrrxt, 

Jvly 1900. 


PEEFACE TO THE SECOND EDITION. 


i jHOR the second edition the whole book has been 
thoroughly revised. An appendix has been added 
in which the position of the centre of pressure in a few 
cases has been found by the use of the Integral Calculus. 
To meet the wishes of many correspondents a book of 
solutions of the examples has been published. 


May 16^ 1904. 
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SOME IMPORTANT GEOMETRICAL RESULTS. 

Cirole. The circumference of a (ircle of radius rB2irr, 

and its area = irH. ^ 

[ir-3’14169265... =^^neajly.] 

Cylinder. The area of a cylinder, whose height is h and 
the radius of whose base is r, > 2trrA, 
and its Tolume s tHA. 

Sphere. The area of the surface of a sphere of radius r 

= 4irr*, 

and its volume = 7 ir/. 

The area of the zone of a sphere (i.s. of the surface 
of the sphere cut off between two parallel planes) 
s circumference of the sphere x perpendicular dis¬ 
tance between the planes = 2irtid. 

The ao. of this zone bisects the dutanoe between 
the centres of the plane ends. 

The volume of a sphere included between two 
parallel planes at distances and from the centre 

- 5 (*i- *») + si8ia% + <*%•)]. 



X SOME IMPORTANT GEOMETRICAL RESOLTBL 

Oone. The area of the curved surface of a cone, whose 
height is h and the radius of whose base is r, 

B 4 Slant side x Perimeter of the Base 
* y 

*irr n/A* + r*. 

Its volume -1 Height x Area of the Base 
=- ^irr*A. 

The volume of a frustum of a cone 

where are the radii of its circular ends, and d is 
the perpendicular distance between them. 

Paraboloid of revolution. This is a solid formed by 
the revolution of a parabola about its axis. 

The volume of a portion of it cut off by a plane 
perpendicular to its axis 

K half the cylinder on the same plane base and of the 
same height 

s: ^ area of its plane base x its height. 



CHAPTER L 

FLUID PRESSUIUS. 

W 

1. In Statics we have considered the eqnilibrinm of 
rigid bodies, and we have defined a /igid as one the 
particles of which always retain the same position with 
respect to one anotlier. A rigid body possesses therefore 
a definite size and shape. We have pointed out that there 
are no such bodies in Nature, but that there are good 
approximations thereto. 

In Hydrostatics we consider the equilibrium of such 
bodies as water, oils, and gases. The common distinguish¬ 
ing property of such bodies is the ease with which their 
portions can be separated from one another. 

If a very thin lamina be pushed edgeways through water 
the resistance to its motion is very small, so that the force 
of the nature of friction, i.e. along the surface of the 
lamina, must be very small. There are no fluids in which 
this force quite vanishes, but throughout this book we 
shall assume that no such force exists in the fluids with 
which we deal. Such a hypothetical fluid is called a 
perfect fluid, the definition of which may be formally given 
as in the next articla 
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2. Perfect Fluid. Def. A perfect fluid is a sub¬ 
stance such that its shape can be altered by any tangential 
forces however small, if applied long enough, of which 
portions can be easily separated from the rest of the mass, 
and between different portions of which there is no tan¬ 
gential, ie. rubbing, force of the nature of friction. The 
difference between a perfect fluid and a water is chiefly 
seen in the case of the motion of the water. 

For example, if we set water revolving in a cup, the 
frictional resistances between the water and the cup and 
between different portions of the water soon reduce it to 
rest. When water is at^rest it practically is equivalent to 
a perfect fluid. 

3. Fluids are again subdivided into two classes, viz. 
Liquids and Gases. 

Liquids are substances such as water and oils. They 
are almost entirely incompressible. A.n incompressible 
body is one whoso total volumot i.e. the space it occupies, 
cannot be increased or diminished by the application of 
any force, however great, although any force, however 
small, would change its shape. All liquids are really 
compressible under very great pressure but only to a very 
slight degree. For example, a pressure equal to about 
200 times that of the atmosphere will only reduce the 
volume of a quantity of water by a one-hundredth part 
This compressibility we shall neglect, and therefore deflne 
liquids as those fluids which are incompressible. 

Gases, on the other hand, arc fluids which can easily be 
made to change their total volume, is, which are, more or 
less easily, compressible. 

If a child’s air-ball be placed under the receiver of an 
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ur-pump, from which the air has been excluded, it will 
increase very much in size. If the skin of the air-ball be 
broken, the air will expand and fill the receiver whatever 
be the size of the latter. 

4. The definitions of a liquid and may be formally 
stated as follows; 

A perfect liquid is a fluid which is absolutely inconi- 
pressible. 

A gas is a fluid such that a finite qwvnJtiiy of it wtZZ, if 
the pressure to which it is subjected he sufficiently diminished^ 
expamd so to fill any apace however great, 

5. The difierences betyreen a rigid body, a liquid, and 

a gas may be thus expressed; • 

A perfectly rigid body has a definite siae and a definite 
shape. 

A perfect liquid has a definite size but no definite shape. 

A perfect gas has no definite size and no definite shapa 

6. Viscous fluids. No fluids are perfect. Many fluids, 
such as treacle, honey, and tar, ofler a considerable resis¬ 
tance to forces which tend to alter their shape. Such 
fluids, in which the tangential action, or shearing stress, 
between layers in contact cannot be neglected, are called 
viscous fluids. 

‘ 7. Pressure at a point. Suppose a hole to be moile 
in the side of a vessel containing fluid, and that this hole 
is covered by a plate which exactly fits the hole. The plate 
will only remain at rest when some external force is applied 
to it; the fluid must therefore exert a force on the plate. - 

Also the fluid can, by definition, only exert a force 
perpervdAcsdar to each element of area of this plate. 
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If the force exerted by the fluid on each equal element 
of area of the plate be the same, the pressure tU any point 
of the plate is the force which the fluid exerts on the unit 
of area surrounding that point 

If, however, the force exerted by the fluid on each 
equal element of the area of the plate be not the same, as 
in the case of the plate (7i>, the pressure at any point P of 
this plate is that force which the fluid would exert on a 
unit of area at P, if on this unit of area the pressure were 
uniform and the same as it is on an indefinitely small area 
at P, 



The pressure at any point within the fluid, such oa Q, 
is thus obtained. Suppose an indefinitely small rigid plate 
placed at BO os to contain and let its area be a square 
feet. Imagine all the fluid on one side of this plate 
removed and that, to keep the plate at rest, a force of 
X lbs. weight must be applied to it. The pressure al the 
X 

point Q is then ^ lbs. weight per square foot. 


8. The theoretical unit of pressare is, in the foot-pound system 
of units, one poundal per square foot. In the o.o. a. system the 
corresponding unit is one dyne per square centimetre. 

In practice the pressure at any point of a fluid is not usually 
expressed in poundalt per square foot but in Ibt. wt. per square inch. 
The former measure ia however the best for theoretioal calculation 
and may be easily converted into the latter. 

Similarly in the o.o.s. system the praotiosl measure of a pressure 
ia in giammea weight per square oentimetre. 

It is eometimei convenient to convert a pressure expressed in the 
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foot'poand system into the o.e.s. system. The relatloDB between 
the nnits of the two systems ere approzimstely; 

1 inohsQ'M oms.; 1 Qm.ai*8987 inoh. 

1 lb.=453*6 grammes; 1 gramme=*002*201 Ih. 

Hence a pressore of 1 lb. wt. per sq. insh 

m a pressure of 453*6 grammes wt. per (2*54)* sq. oms. 


, 468*6 

= a pressure of ^^* ^4* *^^* 

= a pressure of 70*31 ^ammes wt. per sq. cm. 

So a pressure of 1 gramme wt. per sq. cm. 

= a pressure of *002204 lb. wt. per (-3937)* sq. inch 


•uu*-«ui,. . . . 

= a pressure of ®<1* 

s a pressure of *0142 Ib^ wt. per B(f. inch. 


> 9. Transmission of fluid pressure. IfawyjyrumY^ 
be applied to the eur/ace of a Jluid U ia iranamiUed equally 
to all parts of the jluid. 

This proposition may be proved experimentally as 
follows; 

Let fluid be contained in a vessel of any shape, and 
in the vessel let there be holes d, if, (?, D... of various sizes, 
which are stopped by tightly iitting pistons to which forces 
can be applied. 



Let the areas of these pistons be a, i, e, square feet. 
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and let the pistons be kept in equilibrium by forces applied 
to them. 

If an additional force p. a be applied to A [t.e. an ad¬ 
ditional pressure of p lbs. wt. per unit of area of J.] ti 
fofwnd that an additional force of p. ft lbs. wt. must be 
applied to one of p. e lbs. wt to C, one of p. d lbs. wt 
to and bo oQ| whatever bo ^he number of pistons. 
Hence an additional pressure of p, per' unit of area, 
applied to A causes an additional'pressure of p, per unit 
of area, on and of the same additional pressure per unit 
of area on each of the other pistons C, /),*••••• 

Hence the proposition is proved. 

^ 10. The ^esmre at any point of a fluid at rest is the 

same in all directionA it 

f 

This may be proved experimentally by a modification of 
the experiment of the last article. 

For suppose any one of the pistons, i), to be so 
arranged that it may be turned into any other position, 
i.e. so that its plane may he made parallel to the planes of 
either d, B, or C or be made to take any other position 
whatever. It is/ound that the application of an additional 
pressure at A, of p per unit of area, produces the same 
additional pressure, of p per unit of area, at 2> whatever 
be the position tha^ D is made to occupy. 

• ^ 11. The foregoing projiosition may be deduced from 
the fundamental fact that the pressure of a fluid is always 
perpendicular to any surface with which it is in contact 

Consider any portion of fluid in the shape of a tri¬ 
angular prism having its base ACC*A! horizontal, and its 
faces ABB*A' and its two triangular ends ABC and A*B*G* 
all verdoaL 
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Let the length A A', the breadth AC^ and the height 
AB be all very small and let P, Q, and B be respectively 
the middle points o£ A A', BB\ and C(f, 



Let the lengths of AA', AB^ and AC be^as^ y, and s 
respectively. 

Since the edges x and z are very small the pressure on 
the face AA'CG may be considered to be uniform, so that, 
if p be the pressure on it per unit of area, the force exerted 
by the fluid on it is p x ass and acts at the middle point 
oiPR, 

So if p' and p" be the pressures per unit of area on 
AA^BB and j3C'(7'i^,respectively, the forces on these areas 
are p' x aiy and p" xx. QR acting at the middle points of 
PQ and QR respectively. 

If to be the weight of the fluid per unit of volume, 
then, since the volume of the prism is AA* x area ABCf i.s. 
X X the weight of the fluid prism is to x and acts 
vertically through the centre of gravity of the triangle 
PQR, 

A 

This weight and the three forces exerted on the faces 
must be a system of forces in equilibrium; for otbenvise 
the prism would move. 



8 


HYDROSTATICS. 


Hence, resolving the forces horizontally, we have 
Cif X co8(90*-i?)=jj" x*. Qi?x sini? 

= p" X SB. VQ = p" . ay. 


BO that * .(!)• 

Again, resolving vertically, we have 
py.xz — wx. ^xyz = /»" x a. QR x sin (90* - R) 

=y" X a. QR X cos R = x a. PR=p" x aa. 

f-p"=«’-iy.(2). 


Now let the sides of the prism be taken indefinitely 
small (in which case p, p\ and p" are the pressures at the 
point P in directions perpendicular respectively to PR^ PQ^ 
aud QR). Tbo quantity to . y now bccomos indefinitely 
small, and is therefore negligibla 
The oquhtion (2) thou l)Ccomos 

' P ~p\ 

so that p^p* z:.p'. 

Now the direction of QR is any that we may choose, 
and hence the direction of p'\ which is perpendicular to 
QR^ may be any that wo please; hence the pressure of the 
fluid at P is tbo same in all directions. 


Illkl2. Bramah’s or the Hydrostatic Press. Bramah’s 
press afibrds a simple example of the transmission of fluid 
pressures. 
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In its simplest shape it consists of two cylinders ABCD 
and EFGH both containing water, the two cylinders being 
connected by a tube CQ, The section of one cylinder is 
very much greater than that of the other. ^ 

In each cylinder is a closely fitting water-tight piston, 
the areas of the sections of which are X and a;. 

To the smaller piston a pressure equal to P lbs. wt. per 
unit of its area is applied, so that the total force applied to 
it is P.X lbs. wt. 

By Art. 9 a pressure of P lbs. wt. per unit of area will 
be transmitted throughout the fluid, so that the thrust 
exerted by the fluid on the piston in the larger cylinder 
will be P. X lbs. wt. ^ • 

This latter thrust would support on the ypper surface 
of the piston a body whose weight is'P.X lbs. 

Hence 

weight of the lK»dy supported P. X _ X 
force applied ” P. a ” ® ' 

so that the force applied becomes multiplied in the ratio of 
X to a:, i.e. in the ratio of the areas of the two cylinders. 

In the above investigation the weights of the two 
pistons have been neglected, and also the diflerence bO' 
tween the levels of the fluid in the two cylinders. 

The pressure is usually applied to the smaller piston by 
means of a lever KLM which can turn freely about its end 
K which is fixed. At Jf the power is applied, and the 
point L is attached to the smaller piston by a rigid rod. 

Theoretically we could, by making the small piston 
small enough and the large piston big enough, multiply to 
any extent the force applied. Practically this multiplica¬ 
tion is limited by the fact that the sides of tho vessel would 
have to be immensely strong to support the pressures that 
would be put upon them. 
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18. Sz. If the area of the small piston in a BramaVs Pfus be 
I sg, inch and that of the large piston be 2 square feet, what weight 
would be supported by the application of 20 Ihs. weight to the smaller 
piston f 

The presaare at each point of the flnid in oontaot with the email 
piaton ia'20-f-|-, i.e, 60 Iba. wt. per aq. inoh. 

* Thia preaAre ia (bj Art. 9) applied to eaoh aquare inoh of the 
larger platon whoae area is 288 aq. ina. 

Henoe the total thmat exerted on the large piaton ia 288 xOO, 
i.e* 1?280 Iba. Vt., i.e. 7^ tone wt. 

A weight of 7f- tone would thereforo be aupported by the larger 
piaton. 


14. Bramah’s Press forms a good example of the 
Principle of Work ae enunciated in Statice, Art. 200. 

For. since the decrease in the volume of the wrater in 
the small cylinder is equal to the increase of the water in 
the large cylinder, it follows that 

A. Y^x.y, 

whore T and y are the respective distances through which 
the large and small pistons move. 

Hence 

X Y 

, force exerted by large piston _y 
force exert^ by small piston ~~ x Y* 

/. force exerted by large piston x Y 
= force exerted by small piston x y, 

fie. the work done by the largo piston is the same os that 
done on the small piston. 

Hence the Principle of Work holds. 

16. Safety Valve. The safety valve affords another 
example of the pressure exerted by fluida In the case of 
a boiler with steatn inside it, the pressure of the steam 
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might often become too great fo^ the strength of the boiler, 
and there would be danger of ita bursting. The use of the 
safety valve is to allow the steam to escape when the 
pressure is greater than vhat is considered to be safe. * 
In one of its forms it consists of a circular hole D^ 
the side of the boiler into which there fits a plug. This 
plug is attached at to an arm ABC^ one end of which, 



Af is jointed to a fixed phrt of the machine. The arm 
ABC can turn about A and at the other ehd C can be 
attached whatever weights are desired. * 

It is clear that the pressure of the steam and the 
weight at C tend to turn the arm in different directions. 
When the moment of the pressure of the steam about A is 
greater than the moment of the weight at C, the plug D will 
rise and allow steam to escape, thus reducing the pressure. 

In other valves there is no lover ABC and the plug is 
replaced by a circular valve, which is weighted and which 
can turn about a point in its circumference. 

Ex. The arm of the lever of a eafety valve are 1 ineh and 
18 inehee and at the end of the longer arm it hung a weight of 20 At. 
If the area of the valve he iquare inehet, what it the maximum 
pretture of t^ eteam which it allowed 1 

If p lbs. wt. per square inch be the required pressure, the total 
force exerted on the valye by the steamsp x ft lbs. wt. 

So 

When the valve is just about to rise the two forces ^ and 20 lbs. 
wt. balance at the ends of arms 1 and 18 inches. 

&xls: 20x18. 
i. p3s2401bs. wti 


Hence 
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1. In a Bramah’s Press the diameiors of the large and small 

piaton are respectively 2^ decimetres and 2 centimetres; a kilogram 
is placed on the top of the small piston; find the mass which it will 
support on the large piston. 

In a Bramah’s Presd the area of the larger piston is 100 sqnare 
inches and that of the smaller one is ^ square inch; find the force 
thy must be applied to the latter so that the former may lift 1 ton. 

^3. A water cistern, which is full of water and closed, can just 
bear a pressure of 1600 lbs, wt. per square foot without bursting. 

If a pipe, whose section is X square inch, communicate with it 
and be filled with water,^find the greatest weight that can safely be 
placed on a piston fitting this pipe. 

In a Bikmah’s Press if a thrust of 1 ton wt. be produced by 
a power equal to ^ lbs. Vt. and the diameters of the pistons be in the 
ratio of 8 to 1, find the ratio of the lengths of the arms of the lever 
employed to work the piston. 

5, In a hydraulic press the radii of the cylinders are 8 inches 
and 6 feet res]>eotively. The power is applied at the end of a lever 
whose length is 2 feet, the piston being attached at a distance of 
2 inches from the fulcrum. If a body weighing 10 tons be plac^ upon 
the large piston, find the power that must be applied to the lever. 

If the materials of the press will only bear a pressure of 150 lbs. 
wt. to tile square inch, find what is the greatest weight that can be 
lifted. 

6. A vessel full of water is fitted with a tight cork. How is it 
that a slight blow on the cork may be sufficient to break the vessel? 




7. The arms of the lever of a safety valve are of lengths 2 inches 
and 2 feet, and at the end of the longer arm is suspended a weight of 
12 lbs. If the area of the valve be 1 square inch, what is the pressure 
of the steam in the boiler when the vidve is raisMf 

*♦8. Find the pressure of steam in a boiler when it just sufficient 
to raise a circular safety-valve which has a diameter of ^ inch and 
is loaded so as to weigh ^ lb. 

dt 9. The weight of the safety-valve of a steam boiler is 16 lbs. and 
its section is ^ of a square inch. Find the pressure of the steam it 
the boiler that will just lift the safety-valve. 
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DENSkTT AND SPECIFIC GRAVITY. 

‘ 16. Density. Def. 'The density of a homogeneous 
body is the moss of a unit volume of tl|o body! 

The mass of a cubic foot of pure water at 4* G. is found 
to be about 1000 ozs., i,e. 627^ lbs. Hence the density of 
water is 62J lbs. per cubic foot. 

A gramme is the mass of the water at 4* C. which would 
hll a cubic centimetre. Hence the density of w;i,tcr at 4* C. 
is one gramme per cubic centimetre. 

The reason why a certain temperature is taken-when wo define 
a gramme is that the volume of a given mass of water alters with the 
temperature of the water. If wo take a given mass (say I lb.) of 
water and cool it gradually from the boiling point 100° C. [i.c. 212° F.j, 
it is found to occupy less and less space until the temperature is 
reduced to 4° G. [about 39*2° F.]. If the temperature be continually 
lowered still further the volume occupied by the pound of water is 
now found to inertase until the water arrives at its freezing point. 
Hence the pound of water occupies less space at 4° C. than at any 
other temperalpre, 

{.e there is more water in a given volume at 4°0. than at any 
other temperature, 

i.e. the density is greatest at 4° 0. 

The mass of a cubic fodt of mercury is found to be 
13*596 times that of a cubic foot of water. Hence the 
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density of morcuiy is nearly 13*596 x 62} lbs. per cabic 
foot. 

If we use centimetre-gramme units the density of 
mercury is 13*596 grammes per cubic centimetre. 


17. It is sometimes conyenient to be abte to convert 
densities expressed in the foot-pound system iuto the 0.0.8, 
system, and conversely. 

Ah in Art. 8 we have 

1 foot = 30*48 centimetres; 1 cm. = *0328 ft. 

1 lb. ~ 453*6 grammes; 1 gramme s *002204 lb. 
lienee a density of 1 lb. per cubic foot 
s a density of 453*6 grammes per (30*48)* cubic cms. 


sa 


« 

density of 


453*6 
^30 48)* 


gramme per cub. cm. 


= *01602 gramme per cub. cm. approx. 

So a density of 1 gramme per cub. cm. 

= a density of *002204 lb. per (*0328)* cub. ft. 

, .*002204,, , 

* a density of 

= a density of 62*4 lbs. per cub. ft. approx. 


18. JfWhe die toeight of a given substance in pou/ndodSi 
p its density in lbs. per cubic foot, V its volume in cubic feel, 
and g die acceleration due to gravity measured in foot^econd 
unite, dien W=gpV, 

For, if M be the mass of the substance, we have by 
Dynamics, Art. 68, 

W^Mg. 

Also AT s= mass of V cubic feet of the substance 
s= K X mass of one cubic foot 

• • IF =gp 
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A fiiiiilar nlataon Is true if IT be expressed in djneSi 
p in gnmmes per cnbio centimeire, V m oabio centimetiesy 
and p in oentimetre^Moond units. 

* 19. Speoiflo Gravity. Del tpeeifie gravity 
of a givm mhskmva u the r<Uio of the weight of any volume 
of ike eubetemee to the weight qf equal volume of ike 
Hamdoyrd wketanee. 

Thus a specific gravity is always a number. 

[N.B. The term specific gravity is generally shortened 
to sp. gr.] 

For convenience the standard substance usually taken 
is pure water at a temperature of 4* 0. 

Since the weight of a cubic foot of mercusy is found to 
be 13*596 times that of a cubic foot 5f wfyter, the specific 
gravity of mercury is the number 13*596. 

When we say that the specific gravity of gold is 19*25, 
water is the standard substance, and hence we mean that a 
cubic foot of gold would weigh 19*25 times as much as a 
cubic foot of Walter,* 

is about 19*25 x 62J lus., 

is. about 1203)> lbs. wt. 

Since the weights of bodies are proportional to their 
masses, the specific gravity of a substance may be defined 
as the ratio of the mass of any volume of the substance to 
the maee of an equal volume of the standard substance. 

The specific gravity of a substance is also often called 
its ** relative weight" or its ** relative density.** 

20. Speeifie grotty of gasei. Smoe gases are rery light eom< 
pared with water, their sp. gr. is often referred to air at a temperature 
of 0^0, and with tiie merouxj'barometer [Art. 96] standing at a 
heif^t of 760 miUlmetrea, f.«. imot 80 inehae. The mate of a oobie 
foot of air under these eonditions is abont 1*86 oza 
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21. The following table gives the approximate specific 
gravities of some important substances. 


Solids. 


Platinum 21'5. 
Gold 19-26. 
Ixjad 11-3. 
Silver 10*5. 
Cop|)or 8-9. 
BruMs 8*4. 
li-on 7-8. 


Glass (Crown) 2*6 to 2*7. 

„ (Flint) 3 0 to 3-5. 
Ivory 1*9. 

Oak *7 to 1*0. 

Cedar -fi. 

Poplar -4. 

Cork *24. 


Liquids at 0* C. 

« 

Morcuiy* 13-596. Milk 1-03. 

Sulphuric Acid I S.*). Alcohol *8, 

Glycerine 1-27. Ether -73. 


• 22. If W he tlie weight of a volume V of a body whose 
specifie gravity is s, atul w he the weight of a unit volume of 
the standard substance^ then W=^V.b.w. 

weight of a unit volume of the body 

j4 01* ^ SS ^ I ■ « ... -- - ■—^r— 

weight of a unit volume of the standard substance' 
/. wt. of unit volume of the body ~s.w, 

wt. of r units of volume of the body V. a. w. 

/. ir.:= V.s.w. 

Cor. If the units used bo the c.G.8. system, then 
w » w'eight of one cubic cm. of water == 1 gramme. 

.*. ir= r. s grammes, th.at is, in the o.a.B. system the 
weight of a body expressed in grammes is equal to its 
specific gravity multiplied by its volume in cubic cms. 
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Bs. If a cubic foot of iB<Uer weigh 62^ {2w., what is the teeight cf 
4 euft. gceedM of eoppir, ep, gr» of capper being 6*87 

Hen ws62^ lbs. wt., Fa«108 oub. ft., end «s8'8. 

Ws 108X 8'8x 62^=:69400 Ibe. wl. 
s26J{ tons wt. 

23. The word “intrinsic weight" is sometimes used. 
The intrinsic weight of a substance is the weight of a unit 
volume of the substance. Thus, os in the previous article, 
the intrinsic weight ~ s. in, and tlien W - Vx the intrinsic 
weight of the substance. 


EXAMPLES. IL 

[In all examples it may be assumed that the weight of a onbio foot 
of water is 624 lbs.] 

J * 

1 . What is the weight of a oubic foot of iron (8p. gr.asO)7 

2. The sp. gr. of brass is 8 ; what is its density in ounces per 
cubic inch, given that the density of water is 1000 oas. per oubic 
foot? 


3. A gallon of water weighs 10 lbs. and the sp, gr. of mercury is 
18*698. What is the weight of a gallon of mercury ? 

Find the weight of a litre (a cub. decimetre or 1000 oub. cma^ 
of mercury at the standard temperature when its sp. gr. is 13*6. 

If 1.8 cub. ins. of gold weigh as much as 96^ cub. ina of quart?, 
and ^e ap. gr. of gold be 19’26, find that of quaitz. 


6. The sp. gr. of gold being 19*26, bow many cubic feet of gold 
will weigh a ton 7 

The sp. gr. of oast copper is 8*88 and that of copper wire is 
8*79. What change of volume does a kilogramme of cast copper 
undergo in being drawn into wire? 


8. If a foot length of iron pipe weigh 64*4 lbs. when the diameter 
of the bore ia 4 ins. and the thicl^ess of the metal is 1^ ins., what is 
the sp. gr. of the iron? 

9. A rod 18 ins. long and of uniform cross-section weighs 3 ozs. 
and its sp. gr. is 8*8. What is the area of its cross-section 7 
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10. A ipheMi of ndiaa 45 omi., weighs 2876 kilogrammes; what 
Is its density? 

11. What Tolume of copper (op. gr.ai8'9) weighs 189*0625 kilo¬ 
grammes? 

12. The mass of 9 onbie feet of metal is 4900 lbs.; And its density 
in grammes per onbio centimetre. 

13. Thmass of 45 cubic metres of wood is 86000 kilogrammes; 
find its density in lbs. per oubio foot. 

IA14. The sp. gr. of sn imperfect metal easting is found to be 6*8; 
if the pro]^ sp. gr. of the casting is 7*5, how much per oent. of it is 
not occupied by metal? 

* 4k24. Specific gravities and densities of mixtures. 

To find the speeijic gravity of a miasiure of given vfAumee of 
diffweni evhetancee whose specific gravities cvre given. 

I^t Fii Vp Fi... be the volumes of the different 
Bubstancos, ana S|, Sg, s,... their specific gravities, so that 
the weights of the different substances are, by Art. 22, ' 

ViSiW, V^s^w, VtS^Wy ... 

where to is the weight of a unit volume of the standard 
Bubstanca 

(1) When the substances are mixed let there be no 
diminution of volume, so that the final volume is 

Fi+r,+r,+.... 

Let I be the new specific gravity, so that the sum of 
the weights of the substances is 

(Fj+ Fa+ Ft+ ...)l.to. 

Since the sum of the weights must be unaltered, we* 
have 

[r.+ F.+ r.+ ...]i .tos FiSito+ F,s^to+ FaS^fo-i-... 

• i ^1*1 ^»*i*l* 

* ~ F|+F.+ Fa+... 


saw 
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(9) When there is e lose of Tolame on mixing the 
tabetanoee together, as sometimes happens, let the final 
volume be n times the snm of the original volnmei, where 
n is a proper fraction. 


In this case we have 

n Pj + Pg + P| + ••• J iut ® P|8jti? + P|8],to ^ '^9 


so that 


Fi#i+Fi«i+... 

n(P»+P.+ ...)‘ 


Similar formnlm will bold if the densities instead of 
the specific gravities be given. For the original specific 
gravities 8|, ... we must substitute the original densities 

pit pi, ... and for the finalxspecifio gravity i we must 
substitute the final density p. 


£x. Voluma proportional to the numbere 1,2 and 3 of three hquule 
ichoie tp. grt. are proportional to 1‘2, 1*4 and 1*6 are mixed together; 
find the «p. gr» of the mixture. 

Let the Tolomes of the hquids be 2x, and Sx. 

Their weights are therefore 

wx X 1*2, 2tox X 1*4, and 3vx x 1*6. 

Also, if a be the sp. gi. of the mixloro, the total weight is 

iei(x+2x+Sx). 

Equating these two, we have 

6ira.xswxx8'8. 

|s|x8‘8=l*4d. 

» 

* #25. To find the tpedfie yravity of a mixture of ptutsi— 
of difftfrtmX euhetancee whoee epecifie yra/vUiee are 

given. 

Let FPi, ITi, ... be the weights of the given substances, 
Bit ... their specific ^gravities, and w the weight of a unit 
volume of the standard substance. 
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By Art. 22, tbe volumes of the different substances are 

li 

If no loss of volume takes place when the mixture is 

W fT 

made, the new volume is — 

SiW t^to 

Hence, if < be the new specific gravity, the sum of the 
weights of the substances is, by Art. 22, 


t.s. 


/in W, \. 

(— + + ... JSfO, 

S|to / 

\ - 

\ «i / 


Hence, siq.ce thb sum of the weights necessarily remains 
the same, we have 

w, . ir, 


so that 


w,+ w^+... 


8~ 


•l *9 


If there be a contraction of volume so that the fitial 
volume is n times the sum of the original volumes, then, as 
in the last article, we have 

TK,+ r, + ... 

A similar formula gives the final density in terms of 
the weights and the original densities. 


Bx. 10 Ibi. wt. of a of ip. gr. 1*25, w mixed with 6 2&i. wt. 
of a liquid <\f e^, gr, 1*16. Whait it the tp, gr, of the mixture f 
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If w be tht weight of « eabio foot of water the reepeotive Tolnnfei' 
of the two fluids are, b; Art. 32, 

, ■ 0 ^ and , ,5- - onb. fk 
l‘25xw l‘16xw 

Benoe, if i be the required ep, gr., we hare 

+ rrr — ^ l.wsstotal weight 10 •ffl. 

Vl'25xw 1*16 xwy ® 


... 


. . 16x23 28 
804 -is* 
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1, The ep. gr. of a liquid beiog *8, in wh&t proportion most water 
be mixed with it to give a liquid of ep. gr. *86 ? 

^ ^ 12 lbs. wt. of a liquid, of sp. gr, 1*1, is mixed with 20 lbs. of 
a liquid, of sp. gr. *9; what is the ep. gr. of tho mixture? 

3. If a volume of 39 cub. ome. of a liquid of density *9 grammes 
per onb. cm. be mixed with 51 cub. oms. of a liquid of density 
*75 grammes per oub. om., what is the density of the resultiiig 
mixture? 

% Sow much water must be added to 27 oxs. of a salt solutioi 
whose Bp. gr. is 1*08 so that tho sp. gr. of the mixture may be 1*05? 

„/ 

5. What is the volume of a mass of wood of sp. gr. *5 so that 
when attached to 500 oxs. of iron of sp. gr. 7, the mean sp. gr. of the 
whole may be unity? 

An alloy is composed of nno and copper whoso speblflo 
gravities are respeotively 7 and 8*9; if the alloy is of volume 
452 onb. oms. and mass 8878 grammes, what is the volume of 
each oomponent of the alloy? 

Three equal vessels, J, B, and C, are half fnU of liquids of 
densities p|, and p, respective^. If now B be filled from A and 
then 0 from B, find tue drasity of the liquid now contained in C, the 
. liquids being supposed to mix oompletely. 
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Bx8.m. 


When equal volumea of two subBtanoee ace mixed the ep. gr. 
of the miztnre ie 4; when equal we^^htB of the same anbatanoei 
are mixed the sp. gr. of the miztnre ia 8. Find the ep. gr. of the 
labitanoee. 




J7 When equal TolumeB of alcohol (sp. gr. ■■ *8) and distilled water' 
are mixed together the volume of the mixture (after it has returned 
to its original temperature) is found to fall short of the sum of 
the volumes of its oonatituonts by 4 per cent. Find the sp. gr. of 
*he mixture. 

^<^40. A mixture is made of 7 cub. oms. of snlphnrio add 
(sp. gr. a 1*848) and 8 cub. oms. of distilled water and its sp. gr. 
when cold is found to be 1*616. What contraction has taken place? 


11, The mixture of a quantity of a liquid A with n lbs. of B has 
a sp. gr. tf with 2n lbs. of a sp. gr. with 8fi lbs. of B a sp. gr. s*; 
find equations to determine the specific gravities, Cj and s,, of A 

and Bm 
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CHAPTER HL 

M'RESsuees at different points of a homogeneous 

LIQUID WHICH IS AT REST. 

j ^ 

26. A LIQUID is said to be homogeneous when, if any 
equal volumes, however siQall, be tJhken from diflerent 
portions of the liquid, the masses of all those equal volumes 
are equal. 

* #27. The preamre of a heavy liomoyeneoiia liquid at all 
pointa in the aarm horizontal plane ia th,e aame. 

Take two points of a liquid, P and Qt which are in the 
same horizontal plane. 

Join PQ^ and consider a small portion of the liquid 
whose shape is a very thin cylinder having PQ as its axis. 






The only forces acting on this cylinder in the direction 
of the axis PQ are the two pressures on the plane'ends of 
the cylinder. 

[For all the other foroes aoting on this (^linder are Mipendkmlar 
to PQ, and therefore have no effect in the direotion PQ.j 
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Hence, for equilibrium, these pressures must be equal 
and opposite. 

Let the plane ends of this cylinder be taken very small, 
so that the pressures on them per unit of area may be 
taken to be constant and equal respectiyely to the pressures 
at P and Q. 

Hence pressure at P x area of the plane end at P 
= pressure at Q x area of the plane end at Q, 

pressure at Ps pressure at Q, 

• To find the presswro at cmy given depth of a Kea/vy 

homogeneom liquid^ the pressure of Uie atmosphere being 
neglected. 

Take any point, P in the liquid, and draw a yertical 
line PA to medt the surface of the liquid in the point A, 

Consider a very thin cylinder of liquid whose axis is 
PA, This cylinder is in equilibrium under the forces 
which act upon it. 



The only vertical forces acting on it are its weight and 
the force exerted by the rest of the liquid upon the plane 
face at P. 

If a be tlie area of the plane face and x the depth JP, 
the weight of this small cylinder of liquid is loxaxie, 
where to is the intrinsic weight of the liquid. 
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AIbo the vertical force exerted on the plane end at P is 
p X 0 , where p is the pressure at P per unit of area. 

Hence p. a «to. a. Ok 

p - to. as. 

Cor Since the pressure at any point of a liquid 
depends only on the depth of the point, the necessary 
strength of the embankment of a reservoir depends only on 
the depth of tho water and not at all on the area of the surface 
of the water, tho water Ixiing assumed to be at rest. 

29. In the above expression for the pressure eare 
must be taken as to the units in which the quantities are 
measured. If British units be used, x is the depth in feet, 
to is the weight of a cubic foot of thq liquid, and p is the 
pressure expressed in lbs. wt. per square fobt. 

If 0 . 0 . & units be used, x is the depth in centimetres, 
to is the weight of a cubic centimetre of the liquid, and p 
is the pressure expressed in grammes weight per square 
centimetre. If the liquid be water, it should be noted that 
to equals the weight of one gramme. [Art. 16.] 

%30. The theorem of Art. 28 may be verified experi¬ 
mentally : PQ is a hollow cylinder one end of which Q is 
closed by a thin light flat disc which fits tightly against 
this end. 

The cylinder and disc are then pushed into the water, 
the cylinder remaining always in a vertical position. The 
disc does not fall, being supported by the pressure of the 
water. 

Into the upper end of the cylinder water is now poured 
very slowly and carefully. The dian is not found to ^ 
until the water inside the cylinder stands at very nearly 
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the same height as it does outside, and, the less the weight 
of the disc, the more nearly are these heights the same. 



If A be the depth of the point and A be the area of 
the cylinder, the pressure on Q of the external liquid must 
balance the weight of \;he internal liquid, and this weight is 
d.Axtc, i.e. Axwh. Hence the external pressure at Q 
per unit of area must be wh. 

a 

' 31. In Art. 28 we have neglected the pressure of 
the atmosphere, i.e. we have assumed the pressure at ii to 
be zero. 

If this pressure be taken into consideration and denoted 
by £1, the equation of that article should be 

p.a=>«c.a.a; + II.a, 
i.«. p = «wj+n. 

The pressure.of the atmosphere is roughly equal to 
about 15 lbs. wt. per sq. inch. [This pressure is often 
called *'15 lbs. per square inch.’*] 

Instead of giving the atmospheric pressure in lbs. wt. 
per sq. inch it is often expressed by saying that it is the 
some as that of a column of water, or mercury, of a given 
height. 

This, as we shall see in Chapter Yll., is the same as 
telling us the height of the barometer made of that liquid. 
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For example^ if we are told that the height of the wathr- 
barometer is 34 feet, we know that the pressure of the 
atmosphere per iquatre foot » weight of a column of water 
whose base is a square foot luid whose height is 34 feet 

St wt. of 34 cubic feet of water 
ss 34 X 62^ lbs. wt. 

Hence the pressure of the atmosphere per square inch 

lbs. wt. 

The same fact is often expressed by saying that the 
pressure is that due to a Vhead" of 34 feet of water. 

An imaginary horizontal surface at a height above 
BG [Fig., Art 28] equal to the height* of the water- 
barometer is often called the Effective Surface. The 
pressure at any point in water is then proportional to the 
depth below the Effective Surface. 

Ex. 1. Find tht pre$mr6 in water at a depth of 222 feet^ the height 
of the water-harometer being 84 feet. 

If w be the weight of a ouhio foot of water, we hare 

Hsu.84 Ibe, wt. 

pasll+wh=w.34+w.222s266t0 per sq. ft. 
as256 X 62^ lbs. wt. per sq. ft. 

16000,. . . . 

= lbs. wt. per sq. inch. 

144 

SE111^ lbs. wt. per sq. inoh. 

Ex. 8. Find the preimre at a depth of 10 metree in water, the 
preemre of the atmoephere being equal to that of a head of mercarg 
(ip, pr. sl8'6) of 760 milKmetree. ■ 

Here Hspressure of the atmosphere per sq. em.swt. of a oolomn 
of 76 oma height=wt. of 76 cob. oms. of mereorjs76 x 18'6grammes. 

.*. psll + w X 1000s (76 X 18*6^1000) grammes wt. per sq. om,, 
since « 0 » weight of 1 cub. cm. of watcr=l gramme. 

.*. p ss 2033'6 grammes wi. per sq. cm. 
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ThA wirfuM of a heavy liquid at reel is horizonUU, 



Take any two points, P and Q, of the liquid which are 
in the same horizontal plane. Draw vertical lines PA and 
QB to meet the surface of the liquid in A and B, 

Then, by. Art. 27, the pressure at P 
, the pressure at Q. 

Hence, by Art. 31, II + m; . PA -11 + w. QB, 

PA = QB. 

Hence, since PQ is liorizontal, the line AB must be 
horizontal also. 

Since 2* and Q are any two points in the same horizontal 
line, it follows that any line AB drawn in the surface of 
the liquid must be horizontal also. 

Hence the surface is a horizontal plane. 

33. In the preceding proofs we have assumed that 
the weights of difterent portions of the liquids act vertically 
downwards in parallel directions. This assumption, as was 
pointed out in Statics, Art. 96, is only true when the body 
spoken of is small compared with the size of the earth. 

If the body be comparable with the earth in size we 
cannot neglect the fact that, strictly speaking, the weights 
of the different portions of the body do not act in parallel 
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lines, but along lines directed toward the centre of the 
earth. 

* * 

The theorem of the preceding article would not there¬ 
fore apply to the surface of the sea, even if the latter were 
entirely at rest 

^ 34. The proposition of Art. 27 can be proved for 
the case when it is impossible to connect the two points by 
a horizontal lino which lies wholly within the liquid 



For the two points P and Q can be connected by 
vertical and horizontal lines such as PA^ AB^ and BQ in 
the figure. 

We then nave 

pn^^SHure at d == pressure at B, 

But pressure at d = pressure at P + w. d /*, 
and pressure at P — pressure at -f w. BQ. 

But, since P and Q are in the same horizontal plane, 

AP = BQ. 

Hence the pressure at P=pressure at Q. 

Similarly the proposition is true for any two points at 
the same level. 

Thus, if A be at the same level as P, and vertical and 
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horizontal lines be drawn as in the figure, we have pressure 

at i?»pressure vXP■vw.fA-'W.CD^v>. BF 

+ w. GII-¥w,KL - to. MR 

a= pressure at P, 

since CD + EF^ MR ^AP+nO-\- LK. 

Hence the surface of tlie liquid will always stand at the 
same level provided the liquid be at rust. 

For example, the level of the tea inside a teapot and in 
the spout of the teapot is always at the same height. 

36. The statement that the surface of a liquid at rest 
is a horizontal plane* is sometimes expressed iu the form 
“water finda its own level.” 

It is this property of a liquid which enables water to be 
supplied to a towu. A reservoir is constructed on some 
elevation which is higher than any part of the district to be 
supplied. Main pipes starting from the reservoir are laid 
along the chief roads, and smaller pipes branch off from 
those mains to the houses to be supplied. If the whole of 
the water in the reservoir and pii^es be at rest, the surface 
of the water would, if it were possible, be at the same level 
in the pipes as it is in the reservoir. The mains and side- 
pipes may rise and fall, in whatever manner is convenient, 
provided that no portion of such main pi])e is higher than 
the surface of the water in the reservoir. 

• %3e. It follows from the previous article that the 
pressure at any point of the base of a vessel containing 
liquid does not) depend on the shape of the vessel, but 
only on the depth of the liquid. 

Thus suppose we have four vessels as in the figure, of 
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different shapes, but of the same height^ and let them all 
be filled with water. 



By Art. 27, the prettsure at any point of the base is 
the same as at its centre, and the pressure here is,* by 
Art 28, just that due to the vertical height of the surface 
of the li(|uid above it, ^ 

The principle that the pressure at any point is that duo 
to the depth of the point below tlie 8uHace»of the liquid is 
also exemplified by tlie Hydrostatic Bellows. A leather 
iKillowB A has attached to it a tulx) and on the face of 
the bellows is placed a weight IF. Water is poured into 



the tube at C and the weight is rai^. Let X be the area 
of the portion of the upper board of the bellows in contact 
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with the water. If the height of the top of the water in 
the tube above i be there is a pressure ono exerted on 
each unit of area of X. [Art. 28.] Thus the total force 
on the upper face of the bellotrs is Xxw. If this be 
greater than the weight IT, the latter is raised; the level of 
the water in the tube is thus diminished until the quantity 
Xqcw is just equal to W, and then there is equilibritun. 

This expeiiment is sometimes known as the Hydrostatic 

Paradox. 


^7. To find the pres^jure at any given depth in the 






lower of two given * 
mix. 

Let w aqd w* be the specific weights of the lower and 
upper liquids respectively. 

Let P be any point in the lower liquid. [Fig., Art. 38.] 
Draw a vertical line to meet the surface of separation of 
the two liquids in A, and the upper surface of the upper 
liquid in A'. 

As in Art. 28, consider a very thin cylinder whose A.Tia 
is PAX and the area of whose cross> 8 ection is a. 

Then, if p be the pressure at P per unit of area, we 
have 

p,a — w. 0 ., PA + a X the pressure at A 
= w. a. PA 4- a X to'. AA\ 

/. p = w. PA + to'. A A* -w,h + 

where K is the thickness of* the upper stratum and h is the 
depth of the point considered below the common surface of 
the two liquida 




The common swfcwe of two heavy homogeneout 
liguidit which do not mix^ is a horizontal plane, 4 . 
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I>t P and Q be any two points in the lower liquid, the 
straight line joining which is horiaontaL 



Let «j, %o* be as in the'last article. Draw PAA\ QBB* 
vertically to meet the common surface in A iCnd B, and the 
suHace of the upper liquid in A* and • 

Since PQ is horizontal, 

the pressure at P-- the pressure at Q. (Art. 27.) 
/. to. PA +ur , AA' ~w. QB + to* . BN. (Art. 37.) 
w{PA[;-AA*)-{-ti/,AA*^w{QlI- BN)^-w*.BR. ( 1 ). 

But PQ is horizontal, and A'N is horizontal, by 
Art. 32, 

/. PA'^QB*. 

(1) becomes (to’ - to). .d A' = (to' - to). BB\ 

AA’==BB’. 

AB is parallel to A’N, 
and is therefore horizontal. 

Hence the straight line joining any two points on the 
oemmon surface is horizontal, and thus the common surface 
is borizontaL 
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EXAMPLES. IV. 


1. If a oubio foot of water weigh 1000 ozs., what is the presrare 
per sq. inch at the depth of a mile below the surface of the water? 

<^2. l^ind the depth in water at which the pressure is 100 lbs. wt. 
per sq. inch, assuming the attuospherio pressure to be 16 lbs. wt. per 

iq. inch. 

*' 3 . The sp. gr. of a certain fluid is 1*66 and the pressure at a 
point In the fluid is 12090 ozs.; find the depth of the point, a foot 
being the unit of length. 

4. The pressure in the water-pipe at the basement of a building 
is 84 lbs. wt. to the sq. inch and at the third floor it is 18 lbs. wt. to 
the sq. inch. Find the height of this floor above the basement. 

5. If the atmospheric pressure be 14 lbs. wt. per sq. in. and the 
sp. gr. of air be '00126, find the height of a column of air of the same 
uniform density which w4i produce the same pressure as the actual 
atmo^ere produces. 

If the force exerted by the atmosphere on a plane area be 
equal to that of a column of water 84 feet high, find the force 
exerted by the atmosphere on one side of a window-pane 16 inches 
high and one foot wide. 

7, The pressure at the bottom of a well is four times that at a 
depth of 2 feet; what is the depth of the well if the pressure of the 
atmosphere be equivalent to that of 80 feet of water ? 

8, If the height of the water-barometer be 84 ft., find the depth 
of a point below the surface of water such that the pressure at it may 
be twice the pressure at a point 10 ft. below the surface. 

9, If the pressure at a point 6 feet below the surface of a lake be 
one-half of the pressure at a point 41 feet below the surface, 
must be the atmospheric pressure in Ibe. wt. per sq. inchf 

^"10. pressure in tons per sq, yard at a depth of 10 fathoms 

in Ae sea, assuming the sp. gr. of sea-water to be 1*026 and that a 
cobio fpot of fresh water weighs 62]^ lbs. 

■tif The sp. gr. of mercury is 13*696; at what depth in mereaiy 
will the pressure be equal to that at a depth of 600 metres in waterf 

12. At what depth In mercury (sp. gr. s 18*696) will the pressor* 
bt equal to a kilogramme weight per sq. cm. t 
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13, Hm marooiial buomeler tteadt il 750 mm. and a aiibio am* 
of maroiuy weijglu 18'0 gnmmea; a sqoan valva, (ha langth cS whoia 
aida ia one daoimeire, aloaes an axhaiutad raoeivar: And aroroximataly 
in grammas' weight the fotoe that moat be applied to its aentie to 
open it 


«. 14. If the pressure of the atmosphere be IS lbs. wt. per sq. inch, 
and the weight of a oubio foot of water be 62^ lbs., find (he pressure 
per sq. inch at a depth of ^ 10 feet, (2) one mile, below Uie surfaes 
oftbowiteri 

«'l^A ▼easel whose bottom is horizontal contains mercury whose 
depth is so inches and water floats on the mercnry to a depth of 84 
inehes; find the pressure at a point on the bottom of the ▼esssl in 
lbs. wt per sq. inch, the sp. gr. of merouzy bemg 13'6. 

If d- ▼essel is partly filled with water and then oil is poured fn 
till it fonns a layer 6 inches deep; find the pressure per sq. inch due 
to the weight of the hquids at a point 8‘S inches below the upper 
surface of the oil, assuming the'^sp. gr. of the oil to be *03 and the 
weight of a oubio inch of water to be 252 graius. , 


*17. A ▼essel contains water and mercury* the df pth of the water 
being two feet. It being giTen that the sp. gr. of mercury is 18*669 
and that the mass of a cubic foot of water is 1000 oas., find, in lbs, 
w t. per sq. inch, the pressure at a depth of two inches below the com' 
mon surface of the water and mercury. 

ViCL The lower ends of two ▼ertical tubes, whose cross sections 
are 1 and *1 sq. inobes respectively, are connected by a tube. The 
tube contains meioury of sp. gr. 13*696. How much water must be 
poured into the larger tube to raise the level in the smaller tube 1^ 
one inch ? 


A mail uniform tube ie bent into the form of a circle, wAom 
plane ie verHeal; equal quantitiee of Jluide, vhwe dmeitiee are p and a, 
}lll hd^of the tube; ehm that the radtue pamn^ through the common 
turfaee makee wUh the vertical an angle 


tan”! 


tzz, 

P+o* 


Let d, £ be the highest and lowest points of the liquids, so that 
AB goes throu^ the centre 0 ; the point C where the hquids join is 
therefore such that i AOCst l BOCssQQP. 

Draw ALt BJli, ON perpendicular to the ▼ertical diameter of which 
D is the lowest point. 


B|y Art. 38, oonaidering the fluid BD, we have the pressure at 
Dspg.DM. 
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Also, considering the fluid DC A , the pressure at D 

= pg. DN +pressure fit C=p(j. DN + (rg. NL. 



X p.DM=p. DN+ff.ULt 
Ls. p. NAI szff, 

i.e. p [cos 9 - cos (OOP - 9)]=ff [cos I?+cos (90° - tf)], 

i.6. p (ooB 9~BmB)=io (cos 9 +sin 9), 

i.e. tan 9 = -. 

- #>+«■ 

A fine oiroular tube in a vertical plane contains a colnmn of 
liquid, of density p, which subtends a right angle at the centre and a 
eoluxnn, of density subtending an angle a. Prove that the radius 
through the common surface makes with the vertical an angle 

tan-* - . , 

p+(r sma 


)»21. In the lower half of a uniform circular tube one quadrant is 
occupied by a Ifliuid of density 2p and the other by two liquids, which 
do not mix, of densities 8p and p; prove that the volume of the lower 
of the two latter liquids is twice that of the other. ^ 

22. A circular tube of fine uniform bore is half filled with equal 
volumes of four liquids, which do not mix and whose densities are as 
1:4 :8:7, and is held with its plane vertical; shew that the diameter 
joining the free surfaces makes an angle tan'^ 2 with the vertical. 

Ilt1l23. n liquids axe arranged in strata of equal thickness A, thw 
density of the npi>ennost being p, that of the next 2p, and so on, that 
of the lowest being np; find the pressure at the lowest point of 
the lowest stratum. 


♦•*34. In a heterogeneous fluid where the density at depth m is 
show that the pressure there is 
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A%39. Wholo Pressi^, Def. ^ for etwry tmotf 
denunt of area of a material rarface imrMraed in fiwd 
tiie pressure perpendicular to this small element he fownd, 
the sum of all such pressures is called the whole pressure of 
the jiuid upon the given surface. 

If this surface be a plane surfacei the whole pressure is 
easily seen to be equal to the resultant force, or thrust, 
acting on it' By the following theorem it will be shewn 
how this thrust may be calculated. 

' Theorem. If a plane surface be immersed in a liquid, 
the whole pressure or thrust on it is equal to wS. z, where 
S is the area of the plane surface and z is the depth of its 
centre of gravUy below the stirface of tie liquid, the pressure 
of the air being neglected. 

For consider any plane area, horizontal 0 t inclined to 
the horizon, which is immersed in the liquid. 



Consider any small element a, of the plane surface 
situated at P, and draw PA vertical to meet the surface 
of the liquid in A, and let PA be s,. 

The pressure on this small area is therefore woiZi, 

(Art. 28.) 

Similarly if og, ag,<.. be any other elements of the plane 
surface whose depths are z^, the pressures on them are 

icotZ,, wa^Ztt . 











sa BYDROSTlTlCa. 

Hence the re^mcanL wrusD 

ssw[aiZi + afy + [StoHctf Art. 55. 

Bttt^ if S be the depth of the centre of gravity of the 
given plane area^ we have, as in SkUicSt Art. Ill, 

_ 0>lZi 4 * + «.•« 

* -- , 

Oj + Oj+ ,,, 

aiZi + afy+ .+ A 

Hence the resultant thrust ^ua.S- area of the surface 
multiplied by the pressure at its centre of gravity, 

as. the resultant thrust is equal to the weight of a 
column of liquid whose base is equal to the area of the 
given plane surface, tfad whoso height is equal to the depth 
below the surface of the liquid of the centre of gravity of 
the given plane surface. 

a 

40. If the pressure of the air is not to be neglected, 
we must understand by z the depth of the centre of gravity 
below the effective surface,” vs. below .a surhioe at a 
height h above the surface of the liquid, where h is the 
height of the barometer made of that liquid. 

If the pressure of the atmosphere is given as H per 
unit of area, the part of the thrust on S due to the 
atmosphere is H.A. 

41. If the surface considered bo not plane, but be any 
.curved surface, the whole pressure is still given by the 
formula of Art. 39, and the proof is exactly as in that 
article. 

In the case of a curved surface, however, the whole 
pressure has no physical meaning whatever, and thus its 
calculation serves no usefdl purpose. The student must 
carefully notice that, in the case of a curved surface, tKe 
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whole pressare fe not the resultant thrust on the ourved 
surface. We shall soe how to obtain this resultant thrust 
in the next chapter. 


^42. Bx. 1. A tquare plate^ whoa edge if 8 inehet, if immerud in 
tea-water, its upper edge being horitontal and at a depth of 13 inehet 
below the eurfaee of the water. Find the thrust of the water on CAo 
surface of the plate when it it inclined at 45” to the horieon, the matt 
of a eubie foot of tea-water being 64 Ibi. 

The depth of the oeotre ol gravity of the plate 


= 12+4oo845”^(12 + 2s/ 3) inchesfU 


Also the area of the platen sq. ft. 
Hence the thrust 

x= 5 >c®^^x 611 b 8 . wt 

•r 0 


s=85’149 lbs. wt. nearly. 


Ex. 2. A hollow cone tfaridt with its bate on a horitontal talle. 
The area of the bate it 100 tq. inehet and the height of the cone it 
e 64 inehet and it it filled with water. Find the thrust on the bate 
of the cone and its ratio to the weight of the water in the eone. 

The thrust=wt. of 100 x 8*64 cubio itiches of water 
se-^ 12 ^ X 1000 OZ8. wt.ssSOO ozs. wt. 

= 81*25 lbs. wt. 

Since the volume of the cone is one-third the product of ths 
height and the area of the base, the weight of the contained water 

awt. of ^ X lOOx 8’&1 cubio inches 

=^x 31*25 ibs. wt. 

Hence, the thrust on the base of the cone 

sthtee times the weight of the contained water. 

This result, which at first sight seems impossible, is explained by 
the fact that uie upward thmst of the base nss to balancs both IIm 
weight of the liquid and also the vertical eomponeni of the thmst 
‘ of the Qorved surfiMM of the cone upon the eontaioed fluid, and this 
eomponent note downward and coolo be proved bjr the next Ohsyter 
to be equal to twice the weight of the oontsined fluid* 
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Ex. S. A liquid^ whon specific loeight it w', rettt to a depth a upon 
another liquid, with which it does not mix, whose tpeeific weight it w. 
A square of tide h (>a) it immerted in the two liquids, itt upper edge 
being in the twfaee of the upper liquid and itt plane being vertical. 

Wind the thrutt on tquare. 

The thrust of the liquids on the square may be considered to be 
due to the thrust of two liquids, one, of specific weight w', in contact 
with the whole square, and the other, of specific weight w~w', in 
contact with the lower part only of the square. 

The required thrust will be the sum of the thrusts due to the two 
liquids. 

The thrust due to the first, by Art. 89, 

=w'x6*x|. 

The thrust due to the second 

= (lo - w') X 6 (6 - a) X “g—• 
the total thrust 

II 

=w'x| + (w-w')x|(6-a)* 

=4(fc - o)>+4ir'6 [6^ - (ft - o)*] 

=4 (b “ fl)®+4 (2b - a). 

AUter. The thrust may also be calculated thus; 

The thrust on the portion of the square in the upper liquid 



To find the thrust on the lower portion KBCK* imagine the liquid 
AKK*!}, of specific wt. wf, to be replaced by a portion LKK'L* of 
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K oiflo wt. w, whiflh would eaue the iBine pnararo at the level KK* 
t the given liquid ^e, eo that 

KL.»siKA.w'=a,w\ 


A fhroBt on 

sits areaxwx (Art.lt9) 

=K6-«)x»x[“^ + ^-“] 

=6 (6-a) X [a«>'+^ (6 - a) to]. 

A the required resultant thrust 

=Jw'6o*+& (i - a) [ow'+J (& - a) w] 

=^ 6 (6 - a)* to+o6io'+6 - oj 
ss^b (b-ay^ u {26 - a) to', 

ae before. 


EXAMPLES. V. 


A cube, each of whose edges is 2 ft. long, stands on one of its 
faces on the bottom of a vessel containing water 4 ft deep. Find the 
thrust of the water on one of its npright faces. 

Water is supplied from a reservoir which is 400 ft. above the 
level of the sea, A tap in one of the houses supplied is at a height of 
150 ft. above the sea-level and has an area of sq. ins. Find the 
thrust on the tap. 

}S, A oube of 80 cms. edge is suspended in water with its upper 
face horizontal and at a depth of 76 cms. below the surface. Find 
the thrust on each face of the oube. 

^ A hole, six ins. sq., is made in a ship’s bottom 20 ft. below the 
water-line. 'V^at force must be exerted to keep the water out by 
holding a piece of wood against the hole, assuming that a cubic ft. of 
sea-water weighs 64 lbs. ? 

Find the resultant thrust on either side of a vertical waU, 
whose breadth is 8 ft. and depth 12 ft., which is built in water with 
its upper edge in the surface, ^ height of the water-barometer being 
88 ft. 
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6. A Tesfldl, wboBe base is 16 oms. eq. and whose beic^t is 15 oms., 
bas a neok of section 10 sq. oms. and of height 7*6 oms.; if it be filled 
with watoTf find the throst on the base of the vesseL 

7. If the height of the water-barometer be 1083 oms., what will 
be the thrust on a oiroular disc whose radius is 7 oms. when it is 
snhk to a depth of 60 metres in water ? 

*8. The dam of a reservoir is 200 yards long and its face towards 
the water is rectangular and inclined at 30° to the horizon. Find the 
throst acting on the dam when the water is 80 ft. deep. 

Has the size of the surface of the water in the reservoir any effect 
on this thrust r 

# ' 

9. A vessel duped like a portion of a cone is filled with water. 
It is one inch in diameter at the top and eight inches in diameter at 
the bottom and is 12 ins. high. Find die pressure in lbs. wt. per 
sq. in. at the centre of the base and also the thrust on the base. 

''*10. A square is pltvied in liquid with one side in the surface. 
Shew how to draw a horizontal line in the square dividing it into two 
•portions, the ^usts on which are the same. 

11. A vessel, in the shape of a cube whose side is one decimetre, 
is filled to one-tnird of its height with mercury whose sp. gr. is 13*6 
while the rest is filled with water. Find the thrust against one of its 
sides in kilogrammes wt. 

12. A vessel, one foot high, is filled to a height of 8 inches with 
mercury and the remainder of the vessel is filled with water; if one 
side of the vessel be 10 inches long, find the thrust on one face of it, 
given that the sp. gr. of mercury is 18*596, and that the atmospheric 
pressure is 16 lbs. wt. per square inch. 

A rectangular vessel, one face of which is of height two feet 
and width one foot, is half filled with mercury and half with water. 
Find the thrust on this face, given that the sp. gr. of mercury is 13*6. 

l4^ equal small areas are marked on the side of a reservoir 
at different depths below the surface of the water. If the thrust on 
A, be four times that of B and if water be drawn off so that the 
surfSace of the water in the reservoir falls one foot, the thrust on A 
is now nine tunes that on B. What were the origin^ depths of A and 
B bdow the surface of the water? 

iw. A oubioal box, whose edge measures 1 ft., has a pipe com¬ 
municating with it which rises to a vertical height of 20 ft. above the 
lid. It is filled with water to the top of the pipe. Find the upward 
thrust on the lid and the downward thrust od the tose, and shew that 
tbeiif difference is equal to the weight of the water in the box. 

How do you explain the fact that the thrust on the base is greater 
than the weight of the liquid it contains? 
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10, An artificial lake, ^ mile long and 100 yards broad, \.iui . 
gradually shelving bottom whose depth laries from nothing at one 
end to 88 ft. at the other, is dammed at the deep end by a masonry 
wall across its entire breadth. If the weight of the water be | ton 
weight per cnbic yard, prove that the thrust on the embankment«is 
32266} tons weight, and that the total weight of the water in the lake 
is 484p00 tons, < 

The sides of a cistern are vertical. Its base is a horizoniAl 
regular hexagon each side of which is feet long. Fjnd its depth if 
when it is fml of water the thrust on each of its sides is the same as 
on its base. * * ^ 

ft A18. regular tetrahedron, whose edges are each of length a, is 
completely immersed in water with one of its faces horizontal and 
the oppositb angular point downwards. Olven the depth d of this 
face, find the thrast on each face and deduce the resultant thrust on 
the tetrahedron.^* ^ * 


19. The width of a rectangular, vertical dock-gate *is 50 ft., and ' 
on one side there is salt-water (sp. gr. 1'026) to a depth of 25 ft. 
On the other side there is fresh water; find its depth If the thrusts on 
the tw(^ides are equal. 

ftft2 Si a hoUow cone, whose axis is vertical and base downwards, is ' 
tilled with equal volumes of two liquids whose densities are in the 
ratio of 3 :1; shew that the thrust on the base is (8 - ^4) times as 
much as it is when the vessel is filled with the lighter fluid.^ 

Find the thrust on 


a rectangle, whose sides are a and b, the side a being hori- ‘ 
Bontal and at a depth o below the surface and the plane of the 
rectangle being inclined at an angle 6 to the vertical. ^ 

•*22.' each of the plane ends of a circular cylinder, of height h qnd 
radius of base a, the middle point of the cylinder being at the depth 
e below the surface of the fluid, and its axis being inclined at an 
angle 6 to the vertical. 


A cone, full of water, is placed on its side on a horizontal 
table; shew that the thrust on its base is 8 sin a times the weight of 
the obtained fluid, where 2a is the vertical angle, of the cone. 

a hollow weightless cone, of vertical angle 2a, is fiUed with 
^id and suspended' f^ly from a point on the rim of its base; shew 
that the thrust on the base is to the weight of water tiie oone would 
contain in the ratio of 


13 sin’a to oosa*t/l + 15 sh^. 
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^ )k25« A hollow weightless hemisphere, filled with liquid, is sub* 
pe** led freely from a point in the rim of its base; riiew that the thrust 
OQ the plane base is to the Weight of the contained liquid as 12 : i^73. 

26i A puallelogram is immersed in water one side being in the 
Burfaoe; diyide it into n parts by horizontal lines so that the thrusts 
on these parts may be equal. Shew that the depths of the dividing 
lines are proportional to the square roots of the natural numbers. 

**27^ A square lamina A.BCD is immersed in water with the side 
Afi in the surface. Draw a straight line through A whi(^ shall 
divide the lamina into two parts the thrusts on which are equal. 

»»287 Divide a square immersed vertically in a fluid with one side 
in toe surface by a straight line parallel to a diagonal so that toe 
thrusts on toe two parts may be equal. 

29. A semi-circular area is immersed in liquid with toe diameter 
in toe surface and its plane vertical; show how to divide it into n 
sectors the thrusts on laoh of which are toe some. 

30. A triangle is completely immersed in liquid with the vertex 
C in its Burfaoe; Bhev( how to tovide toe triangle into two parts by a 

straight line drawn tluough A so that the thrusts on the two parts 
may b^r equal. 

The lighter of two liquids, of density p, rests on the heavier, 
of density s’, to a depth of a inches. A square of side 6 is immersed 
in a vertical position with one side in the surface of the upper liquid; 
if the thrusts on the two portions of the square in contact with the 
two liquids be equal, prove that 

pa (3a - 2&)=(T (6 - a)'. 

mit 32. A£(7 is a triangle immersed vertically in water with 0 in toe 
surface and toe sides AG, BC equally inclined to the surface; prove 
that toe vertical through C divides toe triangle into two others the 
thrusts on which are in toe ratio 

l)«+8a&>: a>+3a*6. 

33. A cubical box with vertical sides is filled with equal volumes 
of n difierent liquids, which do not mix, the density of the uppermost 
being p, that of toe next 2p,... and tliat of the lowest up. Shew that 
toe torast on toe base is (n-l-1) times toe thrust on that part of one 
of toe sides which is in contact with the lowest liquid. 

34, A cyliudrical tumbler, half filled with a liquid of density p, is 
aiiflii up with a liquid of density p' which does not mix with toe 

006 . Shew that toe thrust on toe base •of the tumbler is to. 
toe whole pressure on its curved surface as 

2r(p-hp*) to h{p+Bp% 

whan A is toe height and r toe radius of the base of toa tumUar. 
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35, A dosed hollow cone is jast filled with water and is placed 
with its yertez npwards and its azis yertioal; diyide its onryed surface 
by a horizontal plane into two parts on which the whole pressures are 
equal. 

Perform the same division when the vertex is downward. 

36. A cylinder is filled with equal volumes of n different liquids 
whi^ do not miz; the density of the highest is p, that of the next is 
2p, and so on, that of the lowest being np; shew that the whole 
pressure on the different portions of the ourved surfaces of the 
cylinder are in the ratios : 2^ :... : 

43. Centre of presaure of a plane area. 

If a plane area be immersed in liquid, the pressure at 
any point of it is perpendicular to the plane area and is 
proportional to the depth of the point. 

t 

The pressures at all the points on ode side of this area 
therefore constitute a system of parallel forces whoso 
magnitudes are known. 

By StaiieSf Art. 53, it follows that all these parallel 
forces can be compounded into one single force acting at 
some definite point of the plane area. 

This single force is called the resultant liquid pressure 
and is in the case of a plane area the same os the whole 
pressure, and the point of the area at which it acts is 
called the centre of pressure of the given area. 

The determination of the centre of pressure in any given 
case is a question of some difficulty. 

We shall not discuss it until Chap. IX., but shall here 
state the position of the centre of pressure in one or two 
simple cases. 


(1) A rectangle ABCD is immersed with one side AB 
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in tbe-surface. If L and if be the middle points of AB 
and QDf the centre of pressure is'at P, where LPm^\LU, 



(2) A triangle ABC is immersed with an angular 
point A in the surface and the base BC horizontal. If D 
be the middle point of BO^ the centre of pressure P lies 
on AD, such that AP-^AD, 



:b: 

(3) A triangle ABC is immersed with its base BC in 
the surface. If D be the middle point of the base, the 
centre of pressure P bisects DA. 



Bz. A reetanffular hols ABOD, whose lower side CD i$ horizontal, 
is made the side of a reservoir, and is closed hy a door whose plane is 
vertical, and the door can turn freely about a hinge coinciding with 
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AB. What force miiut he applied to the middle point of CD to the 
door ihut if AB be one foot and AD 12 feet long^ and if the water rise 
to the level of AB f 

t 

If P be the required force then its moment about AB arid the 
moment of the pressure of the water about AB must be equal 

The thrust of the water, by Art. A9, 

s 1X12 X 6 X lbs. wt. 3= 4500 lbs. wt. 

Also, by (1), it acts at a point whose distance from AB 

=feet. 

Hence, by taking moments about AB^ 

Pxl2 = 4600 x 8. 

/. PssSOOOlbs. wt. 


EXAMPLES. VI. 

I 

1. A cubical box Is ftU^ with water, an^ is fitted with a lid 
ABCD consisting of a uniform square plate, whose weight is two* 
thirds that of the contained water. If the box is held so that the lid 
is inclined at an angle of 46° to the horizontal, and the hinge AB is 
horizontal and above CD, prove that the lid is on the point of 
opening. 

2. The vertical side of a cubical box is movable about its upper 
edge to which is attached at right angles to the side a uniform 
weighing 5 lbs. and of length equal to that of an edge: the weight of 
the water that would fiU the box is 24 lbs.; find how much water can 
be poured into the box before the side begins to move. 

3. A horizontal tube containing water is closed by a square lid 
inclined at an angle of 45° with the horizontal and with two of its 
edges horizontal. If the lid be one ft. square, and be movable about 
its lower edge as axis, find its weight ii it be on the point of opening 
when the water stands level with its upper edge. 
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CHAPTER IV. 

RESULTANT THRUST ON ANT SURFACE. 

44. If a portion of a curved surface be immersed in a 
heavy liquid, as in the figure of the next article, the deter¬ 
mination of the total eflect of the pressure of the liquid on 
‘it, «.e., of the resultant liquid thrust^ is a matter of some 
difficulty. • For the pressures at different points of the sur¬ 
face act in different directions and in different planes. 

By resolving the pressure on each element of the surface 
into vertical and horizontal components we can find forces 
to which the resultant thrust on the surface is equivalent. 

We shall first find the total vertical force exerted by 
the liquid on the curved surface. This force is called the 
Besultant Vertical Thrust. It is equal to the resultant 
of the vertical components of the pressures which act at the 
different points of the given surface. For these vertical 
components compound, since they are parallel forces, into 
one single verticiU force. 

In the next article it will be shewn how this resultant 
vertical thrust may be found. 

' 45. JSeauUant vertuml thrust on a sw/acs immersed in 
a heavy liquid, 

Consider a portion of surface PRQS immersed in the 
liquid. Through each point of the bounding edge of this 



RESULTANT VERTICAL THRUST 


49 


surface conceive a vertical line to be drawn, and let the 
points in which these vertical lines meet the surface of the 
liquid form the curve ACBD, 

Consider the equilibrium of the portion of the liquid 
enclosed by these vertical lines, by the surface FRQS, and 



by the plane surface ACBD. 

Since, as in Art 28, the vertical thrust of each element 
of surface of PSQR balances the weight of the correspond* 
ing thin superincumbent cylinder of liquid, tliereforo the 
resultant of all these elementary vertical thrusts {i.e. the 
resultant vertical thrust) must be equal and opposite to, 
and in the same line of action as, the resultant of the 
weights of these elementary columns. But this latter 
resultant is the weight of the liquid FRQSDACB and acts 
at its centre of gravity. 

Also the thrust of the surface upon the liquid is equal 
and opposite to that of the liquid upon the surface. 

Hence, reaultarU vertical thrust on any surface 

immersed in any heavy liquid is equal to the weight of the 
superincumbent Itquid and acts throuuh the centre of gra/vily 
qf this euperineumbent liquid.** 
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46. If the liquid, instead of pressing the surface down- 
Ti ards, press it upward as in the adjoining figure, the same 
construction should be made as in the last article. 

The pressure at any point of the surface PRQS depends 
only on the depth of the point below the surface'of the 
liquid. 

Hence, in our case, the pressure is, at any point, equal 
in magnitude but opposite in direction to what the pressure 



will be if the liquid inside the vessel be removed, and instead 
liquid be placed outside the vessel so that AB is its surface. 

In the latter case the resultant vertical thrust will be 
the weight of the liquid PQAB. 

Hence, in our case, TJie resultant vertical thrust on the 
given portion of surface is equal to the weight of the liquid 
thal could lie upon it up to the l&oel of the surface of the 
liquid^ and acts vertically upwards trough the centre 
of gravity of this liquid. 

47. If the surface be as in the subjoined figure, the 
resultant vertical thrust on the port AB is upwards, and 
equal to the weight of the liquid that would occupy thh 
space BAED, 

The resultant vertical thrust on BC is downwards, and 
equal to tlie weight of the liquid that would occupy the 
space CBDB, 
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The reaeltant Yertical thrust on the surface ABC is 
equal to the difference of these, and is thus equal to the 
weight of the liquid CBA and acts downwards. 



48. In Art. 46, if the liquid be not homogeqeous, the 
liquid that would occupy the space PQAB must be supposed 
to have the same density at each point of it that the liquid 
in the vessel at the same depth below the surface as that 
point has. In this book, however, we shall meet with very 
few examples of liquid that is not homogeneous. 

#49. The reeuUant vertical ihruet on a body immersed^ 
whoUy or pa/rtly^ in a liquid te equal to the weight of the 
liquid dieplaced. [For another proof see Page 64.] 
Consider the body PTQU wholly immersed in a liquid. 
Let a yertical line be conceived to travel round the 
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surface of the body, touching it in the cur^e PRQS and 
jaeeting the surface of the liquid in the curve AGED, 

The resultant vertical thrust on the surface PTQRP is 
equal to the weight of the liquid that would occupy the space 
FTQBA and acts vertically M/putardi through its ack 

Tlie resultant vertical thrust on the surface PUQRP is 
equal to the weight of the liquid that would occupy the space 
PUQBA and acts vertically doumwa/rds through its ao. 

The resultant vertical thrust on the whole body is equal 
to the resultant of these two thrusts, and is therefore equal 
to the weight of the liquid that would occupy the space 
PTQU and acts ttpivarda through the centre of gravity of 
the space J*TQU. 

Hence, i^esultant verticcd thrust^ on a body totaUy 
immersed is equal to the weight of the displaced liquid and 
acts vertically through the centre of gravity of the displaced 
liquid. [From Art. 52 it will follow that the resultant 
horizontal thrust on the body is zero.] 

% 

This centre of gravity of the displaced liquid is ofii^n 
called the centre of buoyancy of the body and the 
resultant vertical thrust is often called the force of 
buoyancy. 

The important result just enunciated is known as the 
Principle of Archimedes, who was a Greek Philosopher and 
lived about-250 b.g. 

60. The same theorem holds if the body be partially 
immersed, as may be easily seen. 

If the shape of the body be somewhat irregular, as in 
the figure on the next page, the resultant vertical thrust is 
equivalent to the weight of the liquid APQB acting upwards, 
less the weights of the liquid SDBQ and RCAP noting 
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downwards, pins ihe weights of the liquid DSM and CLR 
acting upwards, 

f.a, is equivalent to the weight of the liquid that could 
be contained in LRPQSM acting upwards through its' 
centre of gravity. 



61. If the liquid is not homogeneous the remark of 
Art. 48 applies, and the space occupied by the body nltuit 
be supposed occupied by liquid of the same density as at 
the corresponding level outside the body. 


EXAMPLES. YU. 

^1. A ▼essel in the form of a portion of a cone is olosed at the top 
and bottom by two oircular plates, their diameters being 6 and 
8 inches, and the vessel is filled with liquid. Compare the thrusts 
on the lower plate, according as the larger or the smaller plate is at 
the bottom. 

Jr 

t 

Explain why this thrast is in the one case greater, and in the 
other case less^ than the weight of the Uquid. 

A conical wine glass is filled with water and placed in an 
inverted position upon a table: shew that the thrust of tbs water 
upon die glass is two-thirds of that upon the table. 

' L.IL • 


3 
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quantity of voter vhioh just Alls a oone, whose hdght is h 
and the raiuni of whose base is r, is poured into a blinder, the radius 
of whose base is ako r. Compare the thrusts on the two baseSf the 
axil of eaoh vessel being vertioid. 

If a hollow cylinder be filled with water, and be dosed at both 
ends and held with its axis horizontal, find the vertical thrust on 
the lower half of the curved surface. 

avsK A hemispherical bowl is filled with water and inverted and 
plac^ with its plane base in contact with a horizontal table; prove 
that the resultant vertical thrust on its surface is one«third of the 

thruBt on tiie table. 

eSfTA right drcular oone, closed by a base, is held with its axis 
horizontal and is full of water; find the resultant vertical thrust 
(1) on the upper half, (2) on the lower half, of the curved surface. 

7. '^ A bucket in the form of a firnstum of a oone, the radii of its 
top and bottom being 6 and 4 inches respectively, is one foot high 
and is fuU of ^ater, a cubic foot of which weigh#1000 ounces. Find 
the resultant vertical thrust on its curved surface. 

8. A hollow dosed vessd in the shape of a qrlinder surmounted 
by a oone is filled with liquid. If the axis of ^e oone be three times 
as long as that of the cylinder, prove that the resultant thrust on the 
sur&oe of the Cone will be the same in the two positions in wldoh the 
vessd can be placed with its axis vertical. 

double funnel, formed of two equal cones with a common 
axis communicating at their common vertex, is placed on a horizontal 
plane with the axis vertical and is filled with water; prove that the 
resultant vertical thrust on the curved surface of the lower oone is 2^ 
times the weight of the water. 

10, The shape of the interior of a vessd is a double oone, the 
ends Iraing (^en and the two portions connected bv a minute aperture 
at the common vertex; it is placed with one drcular rim fitting close 
upon a horizontal plane and is filled with water; find the resultant 
v^mI thrust on the vessd and shew that it will m zero if the length 
of &e axis of the upper portion be twice that of the lower. 

ail A heavy oontoal oup is placed vertex upwards on a smooth 
horizontal plane, and water is gradually poured in through a hole in 
the top. ^ Trd^t of the oup is f to of to weight of the water 
whidi would just fill it; prove that the*^eup will be on to pointy 
rising ftoa the plane when to water has reached half to height of 
Ihooup. 
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A oonioi^ slidl ifl placed with its vertex upward! on a 
horixontal taUe and liqoid it poured in through a small hole in the 
vartez; if the cone bec^s to liae when the weight of the liquid poured 
in is equal to its own weighty prove that this weight is to the weight 
of the uquid that would ^ uie oone as 9 - 8^8: 4. 

A 

A double funnel is formed by joining two equal hollow oones 
at their vertices, and stands on a horizontal plane with the common 
axis vertical; liquid is poured into the cone until its surface bisects 
the axis of the upper cone. If the liquid be now on the point of 
escaping between the lower cone and the table, prove that the weight 
of either cone is to that of the liquid it oan hold as 27 :16. 


# 62 . To find the resultant horizontal thrust in a given 
direction on a given surface. 

Through each point of the perimeter of the given 
surface draw horizontal lines PF\ QQ\ RR\ SS* etc. in 



the given direction, and let these lines meet a vertical 
plane perpendicular to the given direction in a curve 

Take any very small element of area of PQRS and 
oonstniot, as in Art. 27, a small thin (^linder^on it wbos^ 
other end is on the plane PQ!RS>% and whose generating 
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lin(ta are parallel to PP, By resolTing parallel to PP the 
forces acting on it, we have 

horizontal thruat on this small element of PQBS 

s horizontal thrust on the corresponding small element 
of PQPS, 

[For all toe other forces acting on this thin cylinder, 
viz. its weight and the pressures of the surrounding fluid, 
act in directions perpendicular to Pi^.] 

Since this is true for all such elements of area, if they 
are taken small enough, it follows that the result&t 
horizontal thrust on PQRS in the direction PP is equal 
and opposite to, and in the same line of action as, the 
resultant horizontal thrust on PQ'RS in the same 

I 

direction. , 

Now toe latter is known in magnitude by Art. 39 since 
it is toe whole thrust on PPQ'S; also its point of 
application is the centre of pressure of PPQS, 

Hence the resultant - horiaorUal force in any given 
direction on any surface is eqttal to the whole thrust 
upon the projection of the surface upon a vertical plane 
perpendicuUvr to thal direction^ and acts at the c&nlre of 
prewure of thait projection. 

#63. Rmdtant thrust on any swrface immersed in 
liquid. 

We can now find toe resultant thrust on any surface; 
the resultant vertical thrust is known in magnitude and 
line of action by Art. 45. 

The resultant horizontal thrust in each of two horizontal 
directions at right angles is known by Art. 52 in both 
magnitude and line of action. 

t 

If these three forces compound into one single resultant 
(as is generally toe case with symmetrical bodies) this 
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resultant is found by the proposition known as the 
Parallelopiped of Forces. 

64. Bz. A hollow cylinder eloeed by a plane hau it JiUed with 
liquid and held with its anit vertical; find the magnitude and the line 
of action of the resultant thrust on half the cylinder cut off by a vertical 
plane through the axis. 


A 



Let h be the height and r the radius of the base of the cylinder. 
Let ABBA' be the section of the cylinder made by the dividing plane. 

Throngh 0, the middle point of AB draw OC the bisecting radius 
of the upper bounding semi-circle, and on it take Oj, such that 

0(^1=* [Statics, Art. 118.] 

Bit 

Then Gj is the centre of gravity of this semi'Cirole. 

If we draw vertically downwards to meet the base in Gg and 
bisect G|G, in G, then G is the centre of gnvity of the semi* 
cylindrical mass of liquid that we are considering. 

The vertical thrust, by Art. 46, acts through G, and 

s weight of the semi-cylinder of liquid 

where to is the weight of unit volume. 

The horizontal thrust on the curved surface, by Art. 62, 
ssthe flirust on the rectangle ABB'A’f 
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Wb, by Art. 48 (1), aote at the oentre of presBoze P, where 
OPsJOO'i and ite magnitude 

»t 0 X area of ABB'A* x depth of its o.a* 


sstox2rhx^=v>hh. 


If, B8 in the right-hand figure, the yertioal through G meets the 
horizontal through P in IT, &e required resultant ^rust then aots 
through JET, and, if its magnitude be J3 at an angle 8 to the hmizon, 
we haye * 


and 


Psinds: 

♦ 


A tand== 


ZT 


and • P =lohrij h*+ 

The magnitude and line of aotion of the resultant thrust are thus 
found. * 


EXAMPLES. Vm. 

ft ^ 1, A solid hemisphere, of radius a, is placed with its oentre at a 
depth h below the surface of water, and has its plane base in a yertioal 
plane; what is the horizontal thrust on its curved surface? Find also 
the resultant thrust on it. 

A solid right circular cone is placed with its axis horizontal 
and at a depth h below the surface of water; find the horizontal thrust 
on half of the cone out off by a yertioal plane through the axis. 

A hollow right olroular cone, with its axis yertieal and vertex 
downtmrds, is filled with liquid; find the resultant horizontal thrust 
on hall of the ourved sur&oe deteimined by any plane thmuj^ the 
axis. , 

If a hollow lig^t circular cylinder is filled with liquid and held 
with its axis horizontal, find the magnitude and the line of aotion of 
the resultant thrust on half the curved surface out ofl by a vertical 
plane through the axis. 

5, ^ of a right circular cylinder is placed with 

its axis vertical and is half filled with water, and ball with a liquid of 
sp. gr. 3 which does not mix with water. Find the' direction of the 
resultant thrust on the part of the surface out off by a plane through 
its axis# 
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BESULTANT VBBUET. 

in A horisont&l trough is saml-oinnlar in seotion nnd is flUsd 
with water whoM weight Is IF i U the trough be imagined to be 
^Tided into halvee along the middle, shew that the water will tend 

to push them aBimder horisontally with a foree ~ • 

Shew also that the resultant thrust of the water on either half of 
the trough makes with the vertical an angle oot"^ ^. 

A solid right oiroular eone is dirided into two parts by a plane 
t&>ogh its axis and one of these portions is just immersed, vertex 
downwards, in water. Find the resultant thrust" on its curved 

surface, and shew that it is inclined at ad angle tan~^ tan to 

the homoatal, where a is the semi-vertioal angle of the cone. 

K 8.^A solid right circular cone, of height 4 and vertical angle 2a, is 
made of uniform material and floats in water with its axis vertical 
and vertex downwards and a length k' of axis is immersed. The cone 
is bisected by a vertical plane through the axis and the* two parts are 
hinged together at the vertex. Shew that th^ two g,artB will remain 
in contact ith’>h sin* a. 

[The vertical and horizontal oomponents''of the thrust on one part 
are known, as in Arts. 46 and 62, and their points of application are 
known; if the sum of the moments of these two components about 
the vertex is greater than the moment of the weight of one part, the 
two parts will not separate.] . * 

9, A thin hollow vessel in the shape of a right cone with a 
oiroular base is out in two by a plane through the axis, and the two 
parts aredunged together at &e vertex and the edges greased so as to 
be watertight. The vessel is then hung up bv the hinge and filled 
with water through a small aperture near the hinge. Shew that the 
water will not flow out if the vertical angle of tiie cone exceed 120°. 


66. When a surface is bounded by a plane curve, the 
resultant thrust on it may often be more simply found 
without using Art. 52. The method is best shown by 
examples, as in the next skrticle. 


66. Ex.l. A hemtfpkere i$ inmmed in water with iU eentrs at a 
dq^th h and iu plane base inclined at an angle a totKi honbon; JInd 
the >direetian ana magnitude qf ^ reiuitant thrust on the euroed 
eurfaee. 
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Let ACB be the plane base of the hemisphere whose oentre is Ot 
and whose oentre of gravity is G, Let a be its radios. 



The resnltant thrust on the whole body is, by Art. 49, eqool to 
the weight of the liquid displaced, via. {ra'w, and aots vertioally 
through G, 

But this thrust is resultant of 

(1) the thrust X on the plane base AGB. which equals infihw 
(Alt. 39), and aots perpwdioular to the plane base at some point P 
which must by i^metry lie on AB, and 

(2) the pressures of the liquid at the different points of the curved 
surface of we hemisphere; the direction of each such pressure acts 
normally to the surfoM of (he sphere and thus goes throng the centre 
0; the resultant thrust on the curved surface thus acts through 0 and 
must be equal to some force R acting at some angle ^ to the horizon. 

Equating the resultant of R and X to the vertical thrust Jira*io, we 
have * 


A 

and 


a 

• • 


r|ira'i 0 si{ sin ^+X cos a=:i2 sin ^+ra^kw cos a, 
( O=:JRoos0-ZBina=i{oo8 0-ira*%tosina. 
B sLn 4tssra*v> [§a - b cos a]) 
Bcos^sira^is.bsina ) 
B;swa*WiJ (|a- h cos a)*+b* sin’ i 

® F0> W ^ b» - cos tt + , 


and 


ton 


|a-boosa 2tt~8booBtt 
bfi*" "■ 8b sin* 


We thus have the direction and magnitude of the resultant thrust 
(m the curved surface. 
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Oor. If the plane base be aa in the annexed figure then the thmst 
X aote downwards, and the equations given above become 

I wa*vstR sin 0 - XcoB a,l 

OsJ3 cos ^X sin a.) 



These then ^ve 




■j 


\ah 4a< 
^*+—- coaa-v-gp, ^ 


8 


and 


. , 2 a+ 8 ftcos« 

tan^s — oT-r — . 

SAsina 


Ex. 2. To find the centre of preciure of a plane circle immerted in 
liquid. 

In the previous example the moment of X about 0 must be 
equivalent to the moment of ^ra*to at G about 0, since R goes 
through 0 . 

X.OPs^va^wx OOsina, 

Rn. 

va*hw . OP SI I Ta>t 0 x y sin a. [5tattc«, Art. 228. J 
OPsJ^sino. 

The distance of the centre of pressure of a circle from its centre 

a* 

is thus always equal to ^ sin a. 

Cor. If the circle had its plane vertical, so that then 

a* 

OPb TT, and thus, in this case, the depth of the centre of pressure 

4n 

betow the surface of the liquids where a is the radius of the 
eirde and h is the dq>th of the centre below the surface of the liquid. 



ET£>S03Tji^l08. Bn. IZ. 

%>()• A solid cone is jost immersed in water with a generating line 
in the surface; prove that the inclination to the vertical of the 

resultant thrust on the ourved surface is tan**^ , where 2e 

1-2 tan* a 

is tile vertical angle of the cone. 

A oone floats with its axis horisontal in a liquid of density 
douUe its own; find the pressure on its base and prove that, if d be 
the inclination to the vertieal of the resultant thrust on the ourved 
surfiaoe and a be the semi-vertical angle of the oone, then 

tandsritana. 

7. A hollow oone, of vertical angle 2a, is filled with water and 
pl%^ on its side on a plane, rough enough to prevent any sliding, 
wUoh is inolined at an angle to the horizon. Find the resultant 
horizontal and vertical thrusts on its ourved surface,.the vertex Mng 
the lowest point of the opne. 

8. A closed cylindrical vessel with hemispherical ends is filled 
with water, afid placed with its axis horizontal. Find the resultant 
thrust on each of the ends, and determine its line of action. 

f 

9. A weightless sphere is divided by a vertical plane into two 
halves which are hinged together at their lowest point, and it is just 
filled with water; shew that the tension of a string which ties together 
the highest points of the two halves is three-eighthsof the weight of the 
water that the whole sphere would contain. 

10. Two closely fitting hemispheres, made of sheet metal of small 
uniform thickness, are hinged together at a point on their runo and 
are suspended from the hinge their rims being greased so that they 
form a watertight spherical shell. The shell is filled with water 
through a small hole near the hinge; prove that the oonta<>t will not 
give way if the weight of the shell exceeds three times the we4^t of 
the contained water. 


Note. The result of Art. 49 (or 60) may Also be shown 
thus; conceive the body removed, and the space PUQEP to 
be filled up with extra liquid; the rest cl the liquid being 
undisturbed. The pressure on each element of the surface 
of this extra liquid is the same as on the corresponding 
element of the solid (Art. 28), and hence the refinltant 
thrust t>n the solid is the same as the resultant thrust' 
on this extra liquid. But this latter 4ialanoes the weight 
.of the extra liquid. Hence eto» 
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CHAPTER V. 


EQUILIBRIUM OF FLOATING BODIES. 




'^1^67. ConditWM of equUihrium ofa body freely floating 
in a liquid. 

Consider the equilibrium of a body floating wholly or 
partly immersed in a liquid. 



There are two, and only two, vertical forces acting on 
the body, 

(1) its weight acting through the centre of gravity Q 
of the body, and 

(2) the resultant vertical thrust on the body which 
equal to the weight of the difiplaoed liquid and acts through 
the centra of buoyancy, 

%,9. the centra of gravity 0* of the displaced liquid. 
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Vor equilibrium these two forces must be equal and not 
in opposite directions in the same vertical line. 

Hence the required conditions are: 

(1) The weight of the displaced Jiquid must be equal 

to the weight of the body, and 

(2) The centres of gravity of the body and the 
displaced liquid must be in the same vertical line. 

^ 68. Bs. 1. ^ cylinder of woodt of height 6 feet and wdght 
60 lb§,t floats in water. If it* ap, gr. be much it mil be 

depreued xf a weight of 10 Vbe, he placed on ite upper turfaee. 

Let A be the area of &e section of the cylinder. Then 
60»i.6.}.Wa:^.6.}.62^, 
so that sq.ft. 

Let a be the'distance through which the wood is depressed when 
10 lbs. are placed on it. The weight of the water which would occiipy 
a (^linder, of section A and height a, must therefore be 10 lbs. 

.*. lOs^ . m . .«. 62^. 

•*. fh 

■ 

Bz. S. A man, whoae weight ie equal to 160 Ihe, and whoee tp, gr. 
ie l‘lf can Just float in water mth hie head above the surface by tM aid 
of a jpieee of cork which ie wholly immeraed. Having given that the 
volume of hie head ie one-eixteenth of hta whole volume and that the 
ep. gr, of cork ie "24, find the volume of the cork, 

‘Taking the wt. of a oubio ft. of water to be 62^ lbs. we havei if F 
be the Tolnme of the man, * 

160b Fx 1^x62}. 

so that 

Again, since the wtight of the man and the oork most be equal to 
the weight of the liquid displaced, we have, if F' be the volume of the 
eork in cubic feet, 

160+P X *24 X 62Jb( DF+ P). 1.62}. 
Px*76x62}b160-}|. F. 62}«160-}f. 

... 
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Bl S. A loaded fieee of wood and dn elaeHe bladder containing 
air juet ftoat at the enffaee of the $ea;'vhat will happen if they 5o 
.both pltmged to a great depth in the tea and then releated I 

The reeuUant upward ihrask of a homogeneoiu liqnid on a body 
is always the some, whateyer be its depth below the surface of the 

liquid, proTiddd tbat the iNdmne of the fody nmainfl nnaltered. 

In the case of the w^, whioh we assume to be inoompreasible, 
the resultant thrust on it at a great depth is the same as at the 
snffaoe and therefore the body just floats 

In the ease of the elastio bladder the pressure df the sea at a 
great dej^th eompresses the bladder, and it therefore displaoes mueh 
less liqnid than at the suifaee of the sea. The resultant Tertloal 
thmslT therefore is mnoh diminished; and, as the bladder only just 
floated at the surface, it will now «inJb. 


EXAMPLES. X. 

A man, of weight 160 lbs., doats in water with I oubio inches 
of his body above the surface, ^at is his Tolume ip oubio feot ? 

2^ What weight of iron (sp. gr.s?) must be attaobed to 1 lb. of 
oork (sp. gr, a^) so that the combination may just float in water f 

3. A oertsin body just floats in water. On placing it in sul* 
phurio acid, of sp. gr. 1*85, it requires the addition of a weight of 48*5 
grammes to immerse it. Find its volume. 

4. A oubio foot of air weighs 1*8 oss. A balloon so thin that the 

volume of its substance may be negleoted contains 1*5 oubio ft. of 
ooal'gas, and the envelope together with the oar and appendages 
weighs 1 OB. The balloon just floats in the middle of a room without 
ascending or descending; find the sp. gr. of the gas^compored with 
(1) air, and (8) water. * 

5. The mass of a litre (i.e., a cubic decimetre) of»air'is 1*8 
gramznes and that of a litre of hydrogen is *069 grammes. The 
material of a balloon weighs 50 kilogrammes; what must be its 
volunse so ilfat it may jus^float when filled with hydrogen? 

6. A piece of iron weighing 875 grammes float# in meroury of 
sp. gr. 15*59 with 4ths its volume immersed, l^nd the volume 
and sp. gr. of the mm. 

^ If an iceberg be in the form of a cube and float with a height 
cw sQf fl above the surface of the water, what depth will it have below 
the sqrfoce of flie water, given that the densities of ice and sea-water 
ere ad *91$ Id 1*085? 
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S. A ship, of mass 1000 tons, goes from fresh water to salt 
water. If the area of the seotion of the at the water line be 
16000 sq. ft. and her sides rertioal where they oot the water, find 
how much the ship will rise, taking the sp. gr. of sea*water to be 

Hlf 0^ A ship sailing from the sea'into a rirer sinks a inches, and on 
diseharging x tons of her cargo rises 6 inches; if sea^water be 
one-fortieu hearier than river-water, prove that the mass of the ship 

is 41 7 a tons. 

0 

10. A cnbical block of wood of sp. gr. *8, whose edge is one foot, 

floats with two faces horizontal down a fresh water river and out to 

sea where a fall of snow occurs causing the block to sink to the same 
depth as in the river. If the sp. gr. of sea-water be 1'026, shew that 
the weight of the snow on the block is 20 ozs. 

11. A piece of pomegranate wood, whose sp. gr. is 1*35, is 
fastened to a block of Ugnum vitss, whose sp. ra. is *66, and the 
combination jrill then just float in water; shew that the volumes of 
the portions of wood equal. 

^ 12. A i^iece of cork, whose weight is 19 oza, is attached to a bar 
of ^ver weigl^ 63 ozs. and the two together just float in-water; if 
the sp. gr. of silver be 10*6, find the sp. gr. of cork. 

13, A rod of uniform seotion is formed partly of platinum 
(s^. gr.s21) and partly of iron (sp. gr.=7*5). The platinum portion 
b^g 2 ins. long, what will be the length of the iron portion when 
the whole floats In mercury (sp. gr.=18*6) with one inch above the 
surface f 

14, A piece of gold, of sp. gr. 19*25, weighs 96*25 grammes, and 
when immersed in water displaces 6 grammes. Examine whether 
the gold be hollow and, if it be, find the size of the cavity. 

V 

Ik 15. A man, whose weight is ten stone and whose sp. gr. is 1*1, 
just floats* in water by holding under the water a quantity of cork. 




16, A cylindrical lead pencil floats in water with |th8 of its 
volume immersed. If the lead is a cylinder whose radios is one- 
fourth that of the pencil and the sp. gr. of the wood is *78, find the 
Bp. gr. of the lead. 

17, A block of wood floats in liquid with |thB of its volume 
immersed. In another liquid it floats with |rds of its volume 
immersed. If the liquids be mixed together in equal quantities by 
weight, what fraction of the volume of the wom would now bo 
immersed? 
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A loUd diiplaoM -, |- of iti fdaiiie roipMtively when 

A 0 0 

it floats in threie different liquids; And what fraotion of its volnme it 
displaees when it floats in a mixture formed of (1) equal Tolumes, 
(2) equal weiQ^ts of the liquids. 

19. A piece of iron, the mass of whidli is 26 lbs., is placed on the 
top of a oubioal block of wood, floating in water, and sinks it so that 
the upper surface of the wood is level with the surface of the water. 
The iron is then removed. Find the mass of the iron that must be 
attached to the bottom of the wood so that the top may be as before 
in the surface of the water. 

[Sp. gr. of irons 7'5.] 

20. A cubical box of one foot external dimensions is made of 
material of thickness one inch, and floats in water immersed to a 
depth of 8| inches. How many cubic ins. of water must be poured 
in so that the water outside and ihside may stand at the same level? 

How deep in the water will the box then be 7 

lit 21. A thin uniform rod^nf weight IF, is lo&ded a| one end with a 
wei^t P of insigniflcant volume. If the rod float in an inclined 

position with^th of its length out of the water, prove that 

(n-l)Psir. 

Ik 22. A thin cylindrical rod, wei^ted at one end, floats in water 
with half its length immersed and inclined at any angle to the 
hoiison *, prove tlmt the weight which is added is equal to the weight 
of the rod. 

A thin uniform rod has a very small portion of heavy metal 
attached to one end, and it can float in water half immer^ and 
inclined at any angle to the horizon; shew that the sp. gr. of the 
rod must be 

tb24. A rod, of small section and of density />, has a small portion of 
metal of weight -th that of the rod attached to one extremity; prove 

A 

that the rod wiU float at any inclination in a liquid of density v if 

(n+l)*p=n*ir. 

25. An ordinary bottle eontaining air and water floats in water 
neck downwards. Shew that if it be immersed in water to a suffleient 
depth and left to itself it will sink to the bottom. What oondition 
determines the point at whieh it would neither rise nor sink? 
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26. A iteamer, whose load is 80 tons to the inch in the neigh- 
bonrhood of the water line in fresh water, is found after a 10 dayi’ 
tojage (in which 60 tons of coal per day are burnt), to ^ve risen 3 feet 
in •ea'Water at the end of the voyage; prove that the oHginal displace- 
ment of the steamer was 6720 tons, taking a cubic foot of fresh water 
as 62*6 and tiiat of sea-water as 64 lbs. 

m«27. A solid eone has its axis of length h and is of density f>; if 
It floats, with its vertex upwards, in a liquid of density e(>p), how 
much of its axis is out of the fluid? 


28. A cone, 7 inches in height and 2 inches in diameter at its 
base, is attached at its base to a hemisphere of equal diameter; the 
sp. gr. of the cone being and that of the hemisphere 1^, And toe 
sp. gr. of a liquid in which the body would sink till on]y 8 inches of 
the axis of cone is out of the liquid. 

20. Shew that a homogeneous body in the shape of a right 
oiroular cone can float in a liquid of twice its own density with its 
axis horizontal. * 


30. A hollow conical vessel floats in water with its vertex down¬ 
wards and a bortain depth of its axis immersed; when water is poured 
into it up to the level Originally immersed, it sinks till its mouth is on 
a level with the surface of the water. What portion of the axis was 
originally immersed? 


^69. A body floats with pari of its volume immersed in 
' one liquid and with the rest in another liquid; to determine 
the eondUione of equUihrium, 

The weight of the body must clearly be equal to the 
resultant vertical thrust of the two liquids, s.e. to the sum 
of the weights of the displaced portions of the two liquids, 
and must pass through the point on the line joining their 
centres of gravity at which the resultant of these two 
weights acts. [Statics^ Art 53.] 

This includes the case of a body floating partly im¬ 
mersed in liquid and partly in air. 

60. Bx. 1. A vetael eontaitu water and mereury, A eube of iron, 
6 enu. along eaeh edge, it tn equilibrium in the Uquide with its faeet 
vertical and horisontoL Find how much of it it in eaeh liquid, the 
ipee^ gravitiet of iron and mercury being 7*7 and 18*A 

Let a oms. be the height of toe part in the meronry and therefore 
(6-s) cms. that of the part in toe water. 
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Since the weight of the iron is equal to the sum of the weights 
of the displaced mercury and water, therefore 

6 X 7'7=:« X 13*6 + (6 - x) X1. 

.*. 2 = 2 -^ cms. 

Ex. 2. A piece of wood fioate in a beaker of water with 
of ite volume immereed. IFften the beaker ie put under the receiver 
of an air-pump and the air withdrawn^ how ie the immersion of the 
wood affected if the tp. gr. of air be *0013 7 

Let V be the volume of the wood and xV the volume immersed 
when the air is withdrawn. 

9K V 

The wt. of of water together with that of of air must equal 

the wt. of xV of water. For each is equal to the wt. of the wood. 

OK V 

••• 4^. 1 + ^;X *0018=27.1, 
lU lU • 

.*. 2=*90013, 

so that the volume immersed in water is increased from *97 to 
•900137. 


EXAMPLES. XI. 

1. ^ A circular cylinder floats in water with its axis vertical, half 
its axis being immersed; And the sp. gr. of the cylinder if the sp. gr. 
of the air be *0018. 

2. An inch cube of a substance, of sp. gr. 1*2, is immersed in a 
vessel containing two liquids which do not mix. The sp. grs. of the 
liquids are 1*0 and 1*5. Find how much of the solid wUl be im> 
mersed in the lower liquid. 

3. A uniform cylinder floats in mercury with 5*1432 ins. of the 
axis immersed. Water is then poured on tne mercury to a depth of 
one inch and it is found that 6*0697 ins. of the axis is below the 
surface of the mercury. Find the sp. gr. of the mercury. 

4. A mass composed partly of gold (sp. gr. 19*25) and partly of 
silver (sp. gr. 10*5) floats with the of its volume immersed in 
mercury (sp. gr. 13*6) and the remainder in water. Compare the 
weights of the gold and ^ver in the mass. 

5. A rectangular block of wood, 40 cms. in depth and of sp. gr. 
*9, is floating in water with its upper surface horizontal. (aI of 
sp. gr. ‘6 is poured on to the water, so as to cover the wood; prove 
that the wood will rise tlurough 6 cms. 
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6. If a body be floating partially immersed in a liquid and the air 
in oontaot with it be suddenly removed, will the body rise or sink 7 

7. Two liquids which do not mix are placed in the same vessel; 
the density of the lower liquid is p and that of the upper is mp; a 
cylinder floats in them with its axis vertical and is completely 
submerged; its density beiu^ np, find the condition that it may be 
hitif in the upper and half in the lower liquid. 

8. A. body floats in water contained in a vessel placed under an 
exhausiei receiver with half its volume immersed. Air is then 
forced into the receiver until its density is 80 times that of air at 
atmospheric pressure. Prove that the volume immersed in water 
will then be ^ths of the whole volume, assuming the sp. gr. of air at 
atmospheric pressure to be *00125. 

9. A cube floats in distilled water with |ths of its volume im¬ 
mersed. It is now placed inside a condenser where the pressure is 
that of ton aimospherds; find the alteration in the depth of immersion, 
the sp. gr. of the air at atmospheric pressure being *0013. 

t 

ifr 10. A vertical cylinder, of density p, floats in two liquids, the 
density of the iUpper liquid being p| and that of the lower p,; if the 
length, h, of the cylinder be n times the depth of the upper liquid, 
prove that the depth of immersion of the upper face of the cylinder is 

« Pa-Pi 

provided that p<pa and >pj- • 

Jit 11. A right circular cone, of density p, floats just immersed with 
its vertex downwards in a vessel containing two liquids, of densities 
STj and ffg respectively; shew that the plane of separation of the two 

liquids outs off from the axis of the cone a fraction, a / of its 
length. 

^61. A body rests totally immersed in a given liquidj 
being supported by a string; to find tfie tension of the string. 

The vertical upward forces acting on the body are the 
tension of the string and the resultant vertical thrust of 
the liquid which, by Art 49, is equal to the weight of the 
displaced liquid. The vertical downward force is the 
weight of the body. 
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Hence, for equilibrium, we have 

Tension of the string •fvt. of displaced liquid=wt. of 
the body, so that 

Tension of the string-wt of the body-wt. of the 
displaced liquid. 

62. The teDBion of the string in the previous article 

is the apparent weight of the body in the given liquid, so 
that the apparent weight of the body in the given liquid is 
less than its real weight by the weight of the liquid which 
it displaces. 

If a body of weight W and sp. gr. < be immersed in water the 

jjr jp 

weight of the water displaced is —, so that — is the apparent loss 
of weight. If it be immersed ia a liquid of sp. gr. s' the apparent 
loss of weight is IF. -. * , 

This fact is of some importance when we are "weighing” 
a given body by means of a balance or otherwise. To 
obtain a perfectly accurate result the weighing should be 
performed in vcumo. Otherwise there will be a slight 
discrepancy arising from the fact that the quantities of air 
displaced by the body and by the " weights ” that wo use 
are ditTerent. Since however the weights of the displaced 
air are in general very small compared with that of the 
body this discrepancy is not very great. 

If great accuracy be desired the densities of the body 
weighed and of the weights must be found, and the true 
weight determined from the apparent weight as in the 
following article. 

1^63. A substance, whose dermly is p, is weighed by 
means of loeights, the density of which is p'; if tr be the 
density of the air, find what is the true weigfU corresponding 
to any apparent weig)U, 
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Let IF be the true weight of the substanch, the 
apparant weight os shewn by the balance, Le. the sum of 
the “weights” used. 


Then, the balance being assumed to be true, the 
tensions of the two supporting strings of the scale pans 
are equal, ve. 

wt. of substance - wt. of the air it displaces 
=Wt. of the “ weights " - wt. of the air they displace, 


t.6. 


W W 

P P 


( 1 ). 


. IF 


[For the volume of the substance is — (Art. 18), and 

W 

therefore the weight of the air it displaces is —. c. 

u p 

IF 

So the volume of the weights is and thus the weight 

IF 

of the air they displace is —r «■•] 


]F= IF,-=. 

l-^T 

P 



The true weight of any substance is thus found by multi¬ 


plying the apparent weight by the fraction 



Now, in general, the density of the air is very small 
compared with the densities of the substance and the 
“weights,” that is, o- is very small compared with p and 
p. Thus this fraction 





SqUILIBRIUU OF FLOATim BOOIFS. 


= ^ -t higher powers of 
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squares and higher powers of o’ being neglected. 

Thus a authcieutly near approximation is in general 

64. Ex. An accurate balance^ is completAy immersed in a vessel 
of water. In one scale-pan some glass {sp. p-r. =:2'6) is being weighed 
and is balanced by a one^pound weigJUf whose sp, gr, is 8, which is 
placed ift the other scale-pan. Find the real weight of the glass. 

Let the real weight of the glasi be W lbs. The weight of the 
water which the glass displaces therefore=: 

The tension of the string holding the scale-pan in which is the 
glass therefore 

=^W--^W=^W. 

Again, the weight of the water displaced by the lb. wt. s lb. wt., 
so tliat the tension of the string supporting the scalo-pan m wliich 
is the "weight" 

=1 lb. wt. - ^ lb. wt.=:| lb. wt. 

Since the beam of the balance is horizontal, the tensions of these 
two strings must be the same. 

••• iw=h 

so that W=^^=l lbs. wt. 

This is the real weight of the glass. 


EXAMPLES. XIL 

1, A body, whose wt. is 18 lbs. and whose sp. gr. is 8, is 
suspended by a string. What is the tension of the string when the 
bo^ is snspended (1) in water, (2) in a liquid whose sp. gr. is 27 
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2, Water floats upon meroary whose sp. gr. is 13, and a mass of 
platinum whose sp. gr. is 21 is held suspended by a string so that 
^|th8 of its volume is immersed in the mercury and the remainder of 
Its volume in the water. Prove that the tension of the string is half 
tho weight of the platinum. 

3, A piece of silver and a piece of gold are suspended from the 

two ends of a balance beam which is in equilibrium when the silver 
is immersed in alcohol (sp. gr.=‘66) and the gold in nitric acid 
(sp. The sp. (^s. of silver and gold being 10'5 and 19'3 

respectively, And the rallo of their masses, 

4, If the sp. gr. of iron be 7'6, what will be the apparent weight 
of 1 cwt. of iron when weighed in water, and how many lbs. of wood 

Of sp. gr. ‘6 will be required to be attached to it so that the joint body 

may just float? 

5, A solid, of weight 1 ok., rests on the bottom of a vessd of 
water; if the thrust of the body on the bottom be oz., find its 
Bp. gr. 

It 

6, A body, whoso volume is 30 cub. oms. and sp. gr. 1'6, is placed 
in a vessel and just covered with water. What is its thrust upon 
the bottom of tho vessel? 

7, A mixture of gold (sp. gr. 19'26) and silver (sp. gr. 10*6) lost 
one-fourtocnth of its weight wlion weighed in water; find the ratio 
of the volumes of the two mctalB. 

8, A piece of load and a piece of wood balance one another 
when weighed in air; which will really weigh the most and why ? 

0, The mass of a body A is twice that of a body B, hut theii 
apparent weights in water are the same, Qiven that the sp. gr. of A 
is I, find that of B. 

10. A vessel containing water is hung vertically from the end of 
a spring balance, and a body suspended from the end of a second 
spring balance is immersed in the water. How are the readings of 
the two balances altered 7 

11. A cylindrical vessel stands on a table and contains water; a 
piece of metal of given volume is dipped into the water, being 
supported by a string. How is tho pressure on the base affected 

(1) when the vessel is full, and 

(2) when tho vessel is not full ? 

In the second case, what is the change? 
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12. A block of woody of yolame 26 cub. ins., floats in water with 
two*thirds of its volame immersed; find the Tolome of a piece of 
metal, whose sp. gr. is 8 times that of the wood, which, when sus¬ 
pended from the lower part of the wood, would cause it to be just 
totally immersed. When this is the case find the upward force which 
would hold the combined body just half immersed. 

13. A cylindrical bucket, 10 ins. in diameter and one foot high, 
is half filled with water. A half hundred-weight of iron is suspended 
by a thin wire and held so that it is completely immersed in the water 
without touching the bottom of the bucket. Subsequently the wire 
is removed and the iron is allowed to rest on the bottom of the 
bucket. By how much will the thrust on the bottom be increased 
in each case by the presence of the iron? 

[The mass of a cubic foot of iron is 440 lbs.] 

2ll4. If W, W' be the weights of a body in vacuo and water 
respectively, prove that its weighty, in air of sp. gr. t will be 

W-»ITF-W'). 

Ik Ik 15. II the sp. gr. of air be « and JV, W be the weights of a body 
in air and water respectively, prove that its weight in vacuo is 

1-f 

ItklB. If tCp iSj, t 0 | be the apparent weights of a given body in 
fluids whose specific gravities are S|, t|, S|, then 

v>i (sj - »,) + Wj («i - *i) + m?8 {*1 - 'a)=0* 

Hill, Two solids are each weighed in succession in throe homo¬ 
geneous liquids of different densities; if the weights of the one are 
iSi, and te, and those of the others are IF,, and IF,, prove 
that 

+ "a + w, (JFi - IF.)=0. 


66. If a body bo totally immersed in a liquid whoso 
specific gravity is greater than that of the body, the 
resultant vertical thrust on the body is greater than its 
weight, and the body will ascend unless prevented from 
doing so. 

Ez. 1. A piece of tsood, of vaeight 12 Iht. and tp. gr, ^tU tied by 
a string to the bottom of a vessel of water so as to be totally immersed. 
What is the tension of the string f 
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^. ol water displaced by the wood _ sp. gr. of water 
wt. of the wood ~ sp. gr. of the wood 



wt. of the displaced water=| x 12 lbs. wt.slG lbs. wt 
For equilibrium we must have 

Tension of the string+wt. of the wood 
=wt. of the displaced water, 
tension of the string=16-12=4 lbs. wt. 


Ex. 2. The mass of a balloon and the gas which it contains is 
8500 lbs. IJ the balloon displace 480UO cub. ft. of air and the mass of 
a cub. ft. of air be ^'25 oxs., find the acceleration with which the 
ballooti commences to ascend. 


The weight of the air displaced by the balloon=48000 x 1*25 oz. wt. 

= 3760 lbs. wt. 

Uenoe thelipward force on the balloon 
=wt. of displaced aii - wt. of balloon 
=250 lbs. wt.=250p poundals. 

initial aocelerotion of balloon = — ^ ^. 

mass moved 8500 14 


EXAMPLES. Xlll. 

1, A piece of cork, weighing 30 grammes, is attached by a string 
to the bottom of a vessel filled with water so that the cork is wholty 
immersed. If the sp. gr. of the cork be *25, find the tension of the 
string. 


2, A block of wood, whose sp, gr. is ‘6 and weight 6 lbs., is 
attached by a string, which cannot bear a strain of more than 2 lbs. 
wt., to the bottom of a barrel partly filled with water in which the 
block is wholly Immersed. Fluid whose sp. gt. is 1*2 is now poured 
into the barrel, so as to mix with the water, until the barrel is full 
Prove that the string will break if the barrel were less than two-thirds 
full of water. 

1^ 3. A cylinder of wood, whose weight is 16 lbs. and length 8 ft., 
floats in water with its axis vertical and half immersed in water. 
What force will be required to depress it six inches more? 
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4. A litre of air oontains 1*29 grms. and a litre of ooal-gas *52 gnue. 
A balloon oontains 4,000,000 litres of ooal-gas and the mass of the en- 
yelope and its appendages is 1,600,000 grins. What additional weight 
will it be able to sustain in the air ? 

5. A balloon oontaining 10 onb. ft. of hydrogen is prevented 
from rising by a string attached to it. Find the tension of the 
string, a cub. ft. of air being assumed to weigh 1*25 ozs. and the 
sp. gr. of air being 14*6 times that of hydrogen. 

6. The volume of a balloon and its appendages is 64,000 cub. ft. 
and its mass together with that of the gas it oontains is 3 tonswith 
what acceleration will it commence to ascend if the mass of a cub. ft. 
of air be 1*84 ozs. 7 

7. A triangular lamina ABCj of which the sides AB, AO are 
equal, floats in water with BG vertical, and three-quarters of its 
length immersed, being kept in equilibrium in this position by means 
of a string fastened to A and the bottom of the vessel. Find the sp. 
gr. of the lamina, and shew that the tension of the string is ^^th of 
the weight of the lamina. 

4966. CondUiona of equilihrium of a body poarUy irrtr- 
mvTBed in a liquid and itupported by a slriny attOGhed (o 
some point of it, 



Let P be the point of the body at which the strine 
attached, and let T poundals be its tension. 

Let V be the volume of the body, to its wt. per unit of 
volume, and 0 its centre of gravity. 

Let F' be the volume of the displaced liquid, u/ its wt. 
per unit of volume, and Q* its centre of gravity. 
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Let the vertical lines through P, Gy and O' meet the 
surface of the liquid in the points P, and G, 

Tlie vertical forces acting on the body are 

(1) the tension T acting upwards through A^ 

(2^ the weight Vw acting downwards through P, 

and (3) the resultant vertical pressure Vw' acting up¬ 
wards through (7. (Art. 49) 

Since these three forces are in equilibrium the points 
Af 3f and G must be in the same straight line, and also, 


by Staticsf Art. 53, we must have 

T-^V'w'^Yw .(i), 

and rV %AC=Yw'kAB .(ii). 


^ Ex. i uniform rod, of length 2a, floats partly immersed iii a 
liquid, being supported by a string fastened to one of Us ends. If the 
density of the liquid be | times that of the rod, prove that the rod will 
rest with half its length out of the liquid. ^ 

Find also the tension of the string. 

Let LM be the rod, N the point whore It meets the liquid, O' the 
middle point of MN, and 0 the middle point of the rod. 

Let w be the weight of a unit volume of the rod and |t 0 that of 
the liquid. 



Let the length of the immersed portion of the rod be x, and k the 
sectional area of the rod. 

The weight of the rod is it. 2a. w and that of the displaced liquid 
is 
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If T bd the tension of the string, the conditions of equilibrium are 
T+k.x.^ 

and h,x.^vxAC=i2a,k9WxAB .(2). 

The second equation giyes 

?? _ 4 ? 

«>-4aa;+3a*=0. 

Hence «=a, the larger solution 3a of this equation being clearly 
inadmissible. 

Hence half the rod is immersed. 

Also, substituting this value in (1), we have 

T=:|Ai.a.ii7=:^ wt. of the rod. 


EXAMPLES. XIV. 

Al. A uniform rod. six feet long, can move about a fulomm which 
is above the surface of some water. In the position of equilibrium 
four feet of the rod are immersed; prove that its sp. gr. is {. 

A uniform rod is suspended by two vertical strings attached 
to its extremities and half of it is immersed in water; if its sp. gr. be 
2‘5, prove that the tensions of the strings will be as 9 : 7. 

* It *3. A uniform rod capable of turning about one of its ends, 
which is out of the water, rests inclined to the vertical with one* 
third of its length in some water; prove that its sp. gr. is 

#|P4. A uniform rod, of length 2a, can turn freely about one end 
whi^ is fixed at a height h{<2a) above the surface of a liquid; if 
the densities of the rod and liquid be /> and a, shew that the rod can 
rest either in a vertical position or inclined at an angle $ to the 
vertical such that 

A l~ 

008^ = 3-W — • 

2a v a-p 




82 


HTDROSTATICS, 


Stability of equlllbrlimi. 

r ^ 

When a body is floating in liquid we have shewn 
that its centre of gravity G and the centre of buoyancy H 
must be in the same vertical line. [Art. 57.] 

Now let the body be slightly turned round, so that the 
line UG becomes inclined to the vertical. The thrust of 
the liquid in tlie new position may tend to bring the body 
back into its original position, in which case the equilibrium 
was stahUf or it may tend to send the body still further 
from its original position, in which case the equilibrium 
was unUahU, 
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The difierent cases are shewn in the annexed figures. 
Fig. 1 shews the body in its original position of equilibrium; 
in Figs. 2 and 3 it is shewn twisted through a small angle. 
In each case H' is the new centre of buoyancy and H^M is 
drawn vertically to meet EG in M, 

In Fig. 2, where the point M is ah(m G^ the tendency 
of the forces is to turn the body in a direction opposite to 
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that in which the hands of a watch rotate. The body will 
therefore return toward its original position and the equi¬ 
librium was stable. 

In Fig. 3, where the point M is hdow the tendency 
of the forces is opposite to that of Fig. 2. The body will 
therefore go further away from its original position and the 
equilibrium was unstable. 

[We have assumed that, in the above figures, tho vertical 
line through W meets IIG ; this is generally tho case for 
symmetrical bodies.] . 

It follows that the stability of tho equilibrium of the 
above body depends on the position of ilf,with respect to G. 
On account of its importance the point M has a name and 
Is called the Metacentre. It may be formally defined as 
follows: 

%^68. Metacentre. Def. If a body float fredy^ wad 
he slightly displaced so thal it displaces the same qtMtnlity of 
liquid as before^ the point (if there be one) in which the 
vertical line (hr(yagh the new centre of buoyancy meets the 
line joining the centre of gravity of the body to the original 
cerdre ofbuaya/ncy is called the Metacentre, 

The body is in stable or unsUible equilibrium according 
as the Metacentre is above or below tho centre of gravity 
of the body. 

It follows therefore that, to insure the stability of a 
floating body, its centre of gravity must be kept as low as 
possible. Hence we see why a ship often carries ballast, 
and why it is necessary to load a hydrometer (Art. 80) at 
its lower end. 

In any given case the determination of the position 
of the Metacentre is a matter of considerable difficulty. 
This position depends chiefly on the shape of the vessel. 
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69. If the portion of the solid which is in contact 
with the liquid is spherical, it is clear that the centre of 
this spherical portion is the Metacentre. For the pressure 
at each point of the spherical surface is perpendicular to the 
surface and so passes through the centre; hence the total 
thrust passes always through the centre, and therefore the 
centre is the Metacentre. 

In this particular case the equilibrium of the body for 
small displacements will be stable or unstable, according as 
its centre of gravity is below or above the centre of the 
spherical portion. [Ci Stalks^ Art. 123.] 

. EXAMPLES. ZV. 

lY A wooden ball is floating in water; shew that its equilibrium 
wiU beoomb unstable if any weight, however small, be placed upon it 
at its highest point.' 

2y A solid body oonsists of a right eone joined to a hemisphere 
on the same base and floats with &e spherical portion partly im* 
mersed; prove that the greatest height of the cone consistent with 
stability is JZ times the radius of the base. 

Z'/ A hoUow buoy is made of a hemisphere and a cone joined at 
their bases, the thickness of the metd being the same throughout. 
Shew that it can float in stable equilibrium with the cone uppermost 
if the semi'vertical angle of the cone be 45° but not if it be 30°. 

4. A body consists of a cylinder joined to a hemisphere on the 
same base, and floats with the spherical portion partly immersed in 
water; find tlie greatest height of the cylinder consistent with stability, 

(1) if the body be solid and homogeneous, 

(2) if it be hollow and made of metal which is of the 
smaU thickness throughout. 

**70. Some harder examples on the subject of 
chapter are appended; 

Ex. 1. A cylindrical bucket with water in it halancee a vuut M by 
meane of a etriwj pairing over a pulley. A piece of cork, of mail m 
and sp. gr. v, w then tied to the middle point of the bottom of the bucket 
io oi to be totally immerted. Prove that the Untion of the itring 
attached to the cork is 

2JImg /I \ 

2 ¥+« 
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Let/be the aooeleration with which the baoket deseenda, so that 

^ 2M+m -—....U). 

{Dynamie$, Art. 74.) 

Daring the motion let T be the tension of the string, and P the 
resultant ?ertiaal thrust of the liquid on the oork. 


m/smp + T-P........(2), 

•Now if the oork were removed and replaced by an equal volume, 
, of water, this thrust 
give it the aooeleration /. 


of water, this thrust P together with the weight of — would 

<r IF 


m.m _ 

-fsi-g-P. 

a o 


.(3). 


By subtraoting (8) from (2), we h^ave 


Bz. 2. In the previoue example, $hew that the preuure at the 
lowest point of the curved surface of the bucket will be ^ than it 
was originally, according as the volume of the cork has to the volume 


of 


the water a ratio 


> w 
< 2M * 


Let h be the depth of the water originally, and H afterwards, and 
let a be the radius of the bucket; let v and V be the volumes of the 
cork and water respeotively, so that V=ira?h, 

Then Ta*H=v+F, 


and H : h »+F: r. 

The pressure at the lowest point of the curved surface originally 
. k, and the pressure when there is motion 



[Dynamtcs, Art. 80.] 


L. H. 




O + r 2M 
r '2M+m* 


4 
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This is ^eater than befora If 

2Jtf(v+F)>(21f+in)F, 


i.e. if 


!L — 

v^m’ 


Ez. 8. A rectangle, movable about an angular point which it fxed 

below the turface of a liquid, floats with its sides equally inclined to 

the„ vertical and with half ite area immersed in the liquid. If ^he 
lengths of its sides be a and b, and one of the sides of length & be 
entirehj immersed in the liquid, shew that the ratio of the density of 
the body to that of the liquid it a-b : 4a. 



Since half of the rectangle is in the liquid, the surface KL of the 
liquid passes through G the middle point of the rectangle. Let 
x=DK, and draw KN pci^ndioular to AB, Since UK, NL are 
equally inclined to the horizon, 

NL=NK=b. 

iab^rect. AK+ AKNL=x.b+lbK 

O'-h j /t « + ^ 

A »=—anddL=s-^. 

Let p and «r be the densities of the rectangle and the liquid. 

The weight W of the rectangle and acts yertically through G. 

The resultant vertical thrust of the liquid is equivalent to the wt. 
uf the amount ANKD acting vertically through the middle point of 
AK, and the weight of the amount NKL acting at its centre of 
graldty. 

The weight W* of ANKD of liqnid=s&« .c-=c^5(a- b)#. 

The wdght W» oSKNL otUqmd^s^KN.NL.a^iVe. 
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Also, as in StoHcs, Art. 104, W" acting at the centre of gravity of 
KNL is equivalent to at each of the angular points iC, N, 
and L, 

Taking moments about A, we therefore have 
TFxjA(7ooa(<t+46®) 

=cos 46“ t AL 008 45“ -(&-«) OOB 46“] - IF" X J (6 - x) COS 45", 
where o = z BAG. 

/. ^. AC (cos a - sin a) = —-- 6+a;J -1 IF' (5 - *). 

Wia-b) = ^-^[ix+a-b]-W'(b-x), 
t.e. ahp{a- 6)=^ xS{a-b).-^b{a~b\rx —g"’ 


bff 36 — a 



N.B. The artifice of replacing the weight of a triangle by three 
equal forces acting at its angular points is often found useful in 
Hydrostatics. 


**MIS0£LLANE0T7S EXAMPLES. XVI. 

1, A uniform hemisphere, of weight IF, floats in a liquid and a 
weight to is placed on the rim; prove that the base will be displaced 

through an angle tan“^ , the rim not being submerged. 

2^ A thin hollow cone, with a base, floats completely immersed 
in water wherever it is placed; shew that the vertical angle is 
2 sin”^^. 

3. Two wooden paraUelopipeds, each of sp. gr. and weighing 
100 and 60 lbs. respectively, are floating in water, and a bar rests on 
th em supported by iron pins fixed to the middle points of the opp^er 
surfaces of the pieces of wood; if the bar weighs 100 lbs. and its 
centre of gravity bo one-fourth of its length from the pin on the 
heavier piece of wood, find how much of each piece of wood will 
remain above the water. 

4*a 
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Eza. 


4. A prigm, of weight W and sp. gr. whose transTerse section 
is an isosceles right-angled triangle, rests with the rectangular edge 
immersed in water, one of the remaining edges In the surface of the 
water, and both the upper edges in contact with smooth vertical 
planes; prove that the angle between the uppermost surface of the 

prism and the surface of the water is tan~^^. 

^ A prism, whose section is a triangle ABG^ is made of uniform 
material, and floats freely in water with the edge C in the surface; 
prove that its specific gravity is either 

sin A^obB sin B cob A 

y .— or ——. 

Bin C7 Bin (7 


6, A thin uniform open shell in the form of a right circular cone 
of vertical angle 60*’ floats partly immersed in water with its vertex 
downwards and the lowest point of its ciicular base jusi in the 
surface. Show that the line joining the vertex to this point makes 


an angle tan 


-iV? 


with tho horizontal. 


[In this case the surface of the water cuts the cone in a curve called 
an ellipse whose centre of gravity is its middle point; the centre of 
gravity of the water displaced divides tho straight line joining this 
middle point to the vertex in the ratio 1 : S.] 


7. A heavy hemispherical bowl, of radius a, containing water 
rests on a rough inclined plane of angle a; prove that the ratio of the 
weight of the bowl to that of the water cannot be less than 

2 sin a __ 
sin ^ - 2 sin a ’ 

where va^ oos^ ^ is the area of the surface of the water. 

8, A bucket half full of water is suspended by a string passing 
over a pulley small enough to let the other end fall into the bucket. 
To this end is tied a boll whose sp. gr. s’ is >2. If the ball do not 
touch the bottom of the bucket and no water overflow, shew that 
equilibrium is possible if the weight of the ball lie between W and 

W, where W is the weight of the bucket and water. 


9. Two buckets contain water, the mass of each with the water 
in it being M, and they balance one another on a smooth pulley. 
Two pieces of wood, of masses m and m' and specific gravities v and 
y, are then tied to the bottoms of the buckets so that they are wholly 
immersed; diew that the tension of the string attached to m is 

2m(M+m') fl \ 

2M+m+m' \v / 
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A cylinder, of height A and density o, -floats with its axis 
vertical in a b’qnid of density if now tne density of the air 
increases from to rg, find by how much the cylinder will rise 
or sink. 


n, A rod floats apright partially immersed in^ a homogeneous 
liquid. Prove that a small increase of atmospheric density will 
produce a small rise of the rod proportional to the square of the 
length of the nnimmersed portion. 


fK12. A cylindrical piece of cork, of height b, is floating with its 
axis vertical in a basin of water. If the basin be placed under the 
receiver of an air-pump and the air be pumped out, prove that the 

cork will sink through a distance (l-«) b, where <r and i are 


respectively the specific gravities of air and cork. 


A body floating in water ^as volumes Pp Pj, Pg above the 
surface when the densities of the^ snrroundiflg air are respectively 
ft I Pi » Pi» prove that 


P|-P» . Pi"ft 

“Pi Pi 




$ 


jh 14. A composition is made of two metals, A and B, the sp. grs, 
of which are 0-1 and 0 , respectively. The composition weighs a ozs. 
in air and b ozs. in water. Provo that the ratio of the volumes of A 
and B is 

0 j (a - i*) - a : o - 01 (a - b). 


#15, A body, of density p, is weighed by means of weights, of 
density p', (p'>p), the density of the air being 0 . The density of the 
air increases from 0 to 0 '; prove that the body weighs less than 

before by a fraction 7 ^—of its former weight. 

(p-0)(p'-0') 


16. Assaming the sp. gr. of air to be *00126, and that of some 
brass weights to be 8*4, shew that the correction to be applied to the 
apparent weight of water weighed in a balance by means of these 
brass weights is about *1 per cent. 

17. A, B, C are balls of equal weight. A balances B and 0 
when all are sus^nded in a liquid of density 01 ; B balances 0, 4 in 
a liqnid of density 0 ,; 0 balances P in a liquid of density 0 |. 
Find the sp. gr. of J, P, and 0, 


18. A triangular lamina ACBf right-angled at 0, floats in a 
liquid of Jrds its density, being hinged freely at (7 to a point flzed 
below its surface and with AB entirely out of the liquid. If CA 
make an angle of 80° with the horizon and CP be bisected by the 
surface of Uie liquid, prove that the lengths of OA, CP are as 2 : ,^ 8 . 
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10, A reotangxdar lamina, whose sides are as ,JZ : 1, can torn 
CrcM^ aboai the middle point of one of its shorter sides and 
point is fixed below the surface of the liqmd. The lamina rests with 
its plane Tertioal and one diagonal in the surface of the liquid. 
Oompare the speoifio gravities of the lamina and liquid, and prove 
that the pressure on the fixed point is two-sevenths of the weieht of 
the lamina. 

20. The corner A of a uniform square lamina ABGD, whose side 
is 6 inches long, is freely hing^ at a point 4 inches below the surface 
of some^ water, and the lamina floats in equilibrium in a vertical 
plane with the oomer B in the surface and the edge CD partly 

immersed. Find the sp. gr. of the lamina. 

21. A rectangle movable about an angular point rests with half 
its area immersed in a liquid. If the angular point lie outside the 
liquid and the reotan^e float with its sides equally inclined to the 
vertical, prove that the ratio of the density of the rectangle to that of 
the Uqnid is a : 46, whore a and b are the sides of the rectangle 
anda<b. 

22., A uniform rectangular lamina ABCD^ of sp. gr. a has its 
comer A fixed *at a depth e below the surface of some water and the 
comers B and C above, and D below, the surface and it can turn 
freely about A, If ABss2bf AD=i2a, find an equation for d, the angle 
that AB makes with the surface in the position of equilibrium. 

23. A square lamina, of density p, floats in water, of density v, 
with its plane vertical 4md one angular point below the surface; if 
9ff>92pt prove that there are throe positions of equilibrium in two of 
which neither diagonal is vertical. 

24. A solid hemisphere, which can turn freely about a fixed hori¬ 
zontal diameter of its plane base, just fits into a fixed hemispherical 
cup, whose centre is the same as that of ^e solid hemisphere and 
whose plane base is horizontal; if the hemisphere be turned throng 
any angle, and the cup be then filled with liquid of twice the sp. gr. of 
the solid, prove that it will always be in equilibrium. 

25. A solid cylinder hangs vertically by a heavy chain and is 
partially immersed in a large vessel of water." The chain passes over 
a smooth pulley and a suitable counterpoise is attached to the other 
end which hangs freely. If the diameter of the ojrbmder be properly 
adjusted, shew that the equilibrium of the cylinder is neutral, is. that 
it will rest with any leng^ immersed. 

26. A hemispherical bowl rests on the top of a sphere of double 
its r^us, and water is slowly poured into the bowl; prove that the 
equilibrium will be stable until a weight of water, eq^ to half the 
iraight of the bowl, has been pou^ in. 
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CHAPTEE VI. 

ON METHODS OF FINDING THE SFEOIFIO GRAVITY 

OF BODIES. 

71. In the present chapter we ehall discuBs some ways 
of obtaining the apecitic gravity of substances. 

To find the specific gnivity of any substance with 
respect to water, we have to compare its weight with that 
of an equal volume of water. 

The principal methods are by the use of 

(1) The Specific Gravity Bottle^ 

(2) The Hydrostatic Balance, 

(3) Hydrometers, and 

(4) The U-tube. 

We shall consider these four in order. 

72. Specific Gravity Bottle. This is a bottle 
capable of holding a known quantity of liquid. It is made 
in two forms. In (i) the neck of the bottle is open, and a 
mark is made on the neck up to the. level of which the 
bottle is always exactly filled. In (ii) the bottle is dosed 
by a tightly-fitting glass stopper, which is pierced by a small 
hole to allow the superfluous liquid to spirt out when the 
stopper is pushed home. 
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(1) To find the specifi gramty of a given Uquid. 

Let the weight of the bottle when exhausted of air be w. 
When filled with water and the stopper put in, let the 
weight be uf. 

When filled with the given liquid let its weight be to''. 
Then 

to' - to = weight of the water that would fill the bottle, and 
to"—to = weight of the liquid that would fill the bottle. 



Since to" — to and tO' — to are the weights of equal quan¬ 
tities of the given liquid and water, therefore, by Art. 19, 
the sp. gr. of the liquid is 

to"-to 
to' - to’ 

(2) To find the specific gravity of a given solid which is 
insduhle in waier. 

Let the solid be broken into pieces small enough to go 
into the bottle, and let the total weight of the pieces be W. 
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Put the solid into the bottle, fill it with water and put 
in the stopper, and weigh. Let the resulting weight be «//'. 
Let the weight of the bottle when filled with water only 
be to'. 

Then 

IT + to' = total weight of the solid and of the bottle when 
filled with water. 

Also 

to" = total weight of the solid and of tlie bottle when filled 
with water — weight of the water displaced by the 
solid. 

Hence, by subtraction, v 

to' — to" = weight of the water displaced by the solid. 

Therefore W and ir+ to' - to" are the weights of equal 
Tolumoa of the solid and water, so that the required sp. gr. 

IF_ 

- ir+w' -to"' 

Id perforDiing the operations desoribod some precautions must be 
taken and corrections made. The water should be at some definite 
temperature; a convenient temperature is 10° 0. 

If it were oonvrnient the weighings should take place in veumo. 
For, as explained in Art. 62, the air displaced by the weights and the 
bodies weighed has some effect on the result of a delicate experiment. 
In practice the weighings take place in air and corrections are applied 
to the results obtained. 

73. If the body be, like sugar, soluble in water, it 
must be placed in a liquid in which it is insoluble. In the 
case of sugar alcohol is a suitable liquid. 

Again, potassium decomposes water; it therefore should 
be weighed in naphtha. 

Using the notation of the last article, we have in these 
cases 

sp. gr. of the solid W 

sp. gr. of the liquid W+vf ~~ vf** 
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«h* HI, gr. «l the %aid being known, w. ohi»m 

^ ^ gr* of tht bodj. 


9^ 


Bm Ii80wl000<f vI. «f mbstaoM-irt of the water it displace!. 
A vte ol «•!« 4ii|lM«4#iWi of snbatanoe - 250=100 grams. 

. ®f wbitoaoe 350 „, 


Ik. t. The ^eet of the air Mng negUeted, tin- ip. gr. of a told 
hodig ut/fmd hg « opa^ graeitg ioCIfe to bee; if Abe the sp. gr. o/ 

III ilr» liNi M tif riof ip. ^e it ~ 1). 

bll lalMi tilM ml ep. gr. of Um body, its yohmie, and K, the 
VOhUM of iIm ii»t«r Ihol the bottle would ooutam L«t D be the 
•fk. gr. of IIm iihttooo* of whuh the weights'' are made, and u the 
SMlilit of «lttl VOUOM of wtbisr. 

Tluw iF, iF* ond IF beiog tho opporeat weights, touud as ui 
Iri. fi, mm hi»t« 

WU in otr of boltlo<rwt ia sir of the wster^wt. in air of a^, 


Wt. ia Mt of l)ottis+ (1 - a) *w' . 

8o 

wt. h nb totto+wt to nir m (F,- f.) ol water t wl m w 
of Fj of the iubttonoeswl. m air of ir . 

i«. wt. bi olr of bottle+< F, - F^ »^ ®' 

asw" . 

Sobmelim (1) born 

• Fj» (!-•)+ F,w ”,0/' 

u ‘ ^1* ip- " 5 ). 


A F^(p-«)»^(^*5) 


....- . 


(*)• 
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How fifom Art. 72 (2), we have <ra 

/. w"-tt'=Tr.?Lri, 

9 

«• —" •' ■ • 

p-0 9 

•*. pff-crsrper-p-cKT+a, 

i,e. p=(r-a(0’-l). 


EXAMPLES. XVH 

1. A given sp. gr. bottle weighs 7*95 grains; when full of water 
it weighs 187'63 grains and when full of another liquid 142'71 grains. 
Find the sp. gr. of the latter liquid. . * 

^2. When a sp. gr. bottle is filled with water it is oonnterpoised 
by 98S grains in Edition to the oonnterpoise of the empty bottle and 
by 778 grains when filled with alcohol; what is the sp. gr. of the 
latter? 

* 3. A sp. gr. bottle, full of water, weighs 44 gnus, and when some 
pieces of iron, weighing 10 grms. in air, are introdnoed into the bottle 
and the bottle is again filled up with water the combined wei^t is 
62*7 grms. Find the sp. gr. o£ iron. 

'4. A sp. gr. bottle completely full of water weighs 88'4 gms., and 
when 22*8 grms. of a certun solid have been introduced it weighs 
49*8 grms. Find the sp. gr. of the solid. 

^5. A sp. gr. bottle weighs 212 grains when it is filled with water; 
60 grains of metal are put into it; the overflow of water is removed 
and the bottle now weighs 254 grains. Find the sp. gr. of the 
metal 


6. Shew that the same oorrection as in Art. 74, Ez. 2, is 
necessary if the specific gravity of a liquid be found by means of the 
specific Cavity bottle, the effect of the air having been neglected. 

r 

'^75. The Hydrostatic Balance. This is an ordinary 
balance except that it has one of its pans suspended by 
shorter suspending arms than the other, and that it has 
a hook attached to this pan to which any substance can be 
attached. 
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• (1) To find the epeeijukgramty of a body which wovdd 
simJc in waUr, 

Let W be the weight of the body when weighed in the 
ordinary manner. Suspend the body by a fine strong 
thread or wire attached to the hook of the shorter arm of 
the scale-pan, and let the body be totally immersed in a 
vessel filled with water. 


Put weights into the other scale-pan until the beam of 
the balance is again horizontal, and let w bo the sum of 
these weights. 

Then 


w — apparent weight of the solid in water 

= real weight of the body - the weight of the water it 
displaces 

= TT — wt. of the displaced water. 

.'. If - Mj = wt. of the displaced water. 

Also If =r wt. of the solid. 


Tf 

W-w 


- required sp. gr. 


If the liquid be not water, but some other liquid, then 

If _ sp. gr. of the body 
W — w sp. gr. of the liquid * 

i.e. the ratio of the sp. grs. of the body and liquid is the 
ratio of the real weight of the body to the loss of weight of 
the body when immersed in the given liquid. 

• (2) To find the epecific gravity of a body which wofM 
float in water. 

In this case the body must be attached to another body, 
called a sinker, of such a kind that the two together 
would sink in water. 
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Let W be the weight of the body alone, 

W’ the weight of the sinker alone, 

to the weight of the sinker and body together when 
placed in water, 

and vf the weight of the sinker alone in water. 

Then 

wsrreal wt. of the sinker and body-wi. of the wafer 

displaced by the sinker and body (Art. 62.) 

= ir+ IT'-wt. of water displaced by the sinker and body. 

.‘.IF + IF' - to = wt. of water displaced by the sinker and 

body. 

So fF'-<o' = wt. of water displaced by the sinker 

1 . \ 
alone. 

Hence, by subtraction, 

W—w + u/ = wt. of water displaced by the body alone. 
Also W = real wt. of the body. 

W 

Tir- 5 = sp. gr. of the body. 

W- to + u/ ^ ° ^ 

It will be noted that the result does not contain TP, which is the 
weight of the sinker, so that in practice this weight is not required. 

(3) To find the apecifie gravity of a given liquid. 

Take a body which is insoluble in the given liquid and 
in water, and let its actual weight be TF. 

When suspended from the short arm of the hydrostatic 
balance and placed in water, let its apparent weight be to. 

When the given liquid is substituted for water, let the 
apparent weight be vd. 

Then w = wt. of the body - wt. of the water it displaces. 
Hence wt. of the water displaced —W—w. 

So wt. of the liquid displaced = IF -t</. 
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Hence W—uf and W—w are the weights of equal 
Yolumes of the liquid and water. 


r-w' 

TT-io 


= required sp. gr. 


76. Jolly’s Balance consists of a long spiral 
carrying two scale-pans, ono above the 
other, and is so arranged that the lower 
scale-pan is in water. The spring hangs 
in front of a vertical divided scale. The 
body, whose sp. gr. is to be found, is 
placed in the upper scale-pan, and the 
point to which the spring is extended is 
noted by means of the scale. The body 
is then replaced by weights sufficient to 
produce the same extension as before, 
and Uie weight of the body thus deter¬ 
mined. The body is then placed in the 
lower pan in the water, and extra 
weights placed in the upper pan till the 
spring has again the same extension 
as before. These extra weights measure 
the loss of weight which the body 
undergoes through being placed in the 
water, i.6. they are equivalent to the 
weight of the water displaced by the 
body. 


sprmg 



The weights of the body and the weight of the water 
displaced have now been found, and thus the sp. gr. is 
known. 


77. Ex. 1. ^ piece of copper weight 9000 grm. in air and 
7987'6 gnu. when weighed in water. Find its tpeeifie gravitg. 
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Hsn 

7987*6 = 9000-wt. of water displaced by the copper. 

A wt. of displaced waters 1012*5. 

9000 „ A 

A required Bp.gr.=j^^—= 8 * 8 . 

Bz. 2. A piece of cork veighe 30 gmu. in air; when a piece of 
lead is attached the combined weight in water ie 6 grme .; if the weigM 
of the lead in water be 96 ^mu., what it the tp. gr. of the eorkf 

If 10 be the wt. of lead in air, 

the wt. of water displaced by t);ie lead and cork 

=t 0 +80-combined wt. in water= 10 + 30- 6 = 10 +24. 

So wt. of water displaced by the lead= 10 - 96. 

Hence the weight of water displaced by the cork 

=(t0+ 24) - (t0 - 96)=120. 

sp. gr. of the cork= jjjg = j• 


Ex. 8 . If a baU of platinum weigh 30*86 ozt. in afr, 19*86 tn 
wateft and 19*36 tn tulphuric acu2, find the sp. gr. of the platinum and 
the sulphuric acid. 

Wt. of the water displaced by the platinum 

a20'86-19*86=1 os. 

Wt. of the sulphuric acid displaced by the platinum 

=20*86-19*36=1*5 ozs. 


Hence the sp. gr. of the platinum = 
and the sp. gr. of sulphuric acid= 


20*86 OM. 
1 OB.^ 

1*6 ozs. 

1 OB. 


= 20 * 86 , 

1 * 6 . 


78. If the substance whose specific gravity is to be 
determined is, like sugar, soluble in water or if it absorbs 
water, it may be coated with wax. 

Bz. Some sugar weighing 68 grammes is coated with 11 grammes 
of wax whose tp. gr. is * 88 . If the whole weighs 26^ grammes in 
water, find the tp. gr. of the sugar. 
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Wdght of water dieplaoed by the engar and wax 
■ 168 + 11 - 26 ^= 62 ^ grammea. 

Weight of water displaced by the wax 

1 , 

=::gg X11 grammessl2^ grammes. 

X weight of water displaced by the sugar 
=62^- r2j^=40 grammes. 

X sp. gr. of the sngar=|g= 1*7. 

EXAMPLES. XVni 

[In Ex$, 1—17 the ip. pr. cl the air i» neglected.] 

1. If a body weigh 732 grms. in air and 262 grma. in water, what 
isitS8p.gr.? 

2. A piece of flint-glass weighs 2-4 ozs. in air and 1*6 ozs. in 
water; find Us sp. gr. < 

3. A piece of onprio sulphate weighs 3 ozs. in air ahd 1*86 ozs. 
in oil of turpentine. What is the sp. gr. of the ouprio sulphate, that 
of oil of turpentine being *88? 

4. It is required to find the sp. gr. of potassium which de¬ 
composes water. A piece of potassium weighing 432*5 grms. in air 
is weighed in naphtha, the sp. gr. of which is *847, and is found to 
weigh 9 grms. What is the sp. gr. of potassium 7 

5. A piece of lead weighs 80 grains in water. A piece of wood 
weighs 120 grains in air and when fastened to the lead the two 
together weigh 20 grains in water. Find the sp. gr. of the wood. 

6. A solid, which would float in water, weighs 4 lbs., and when 
the solid is attsudied to a heavy piece of metal the whole weighs 6 lbs. 
in water; the weight of the metal in water being 8 lbs., find the 
sp. gr. of the solid. 

7. A body of weight 800 grms. and of sp. gr. 5 has 200 grms. of 
another body attached to it and the joint weight in water is 200 grma. 
Find the sp. gr. of the attached substance. 

8. A piece of glass weighs 47 grms. in air, 22 grms. in water, and 
26*8 guns, in alcohol. Find the sp. gr. of the alo^oL 

9. A ballet of lead, whose sp. gr. is 11*4, we^hs 1*09 ois. in air, 
and 1 ox. in oUve oiL Find the sp. gr. of the oUve oiL 
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lOi A bftU of glass weighs 665*8 grammes in air, 466*8 grammes 
in water and 297 6 grammes in sulphorio aoid. What is the sp. gr. 
of the latter? 

11, A pieoe of sugar weighing 40 grammes is coated with 
6*76 grammes of wax whose sp. gr. Is *96. If the whole weighs 
14*76 grammes in water, find the sp. gr. of the sugar. 

f2. Some copper weighs 72 grammes and is coated with 
18 grammes of wax whose sp. gr, is *9. If the whole weighs 
62 grammes in water, find the sp. gr. of the copper. 

13, A piece of marble, of sp. gr. 2*84, weighs 92 grms. in water 
and 98*6 grms. in oil of turpentine. Find the sp. gr. of the oil and 
the Tolume of the marble. 

14. A body is weighed in two liquids, the first of sp. gr. *8 and 
the other of sp. gr. 1*2. In the two cases its apparent weights are 18 
and 12 grms. respectively. Find \ts true weight and sp. gr. 

15, The apparent weight of a sinker when weighed in water is 
6 times the weight in vacuo of a portion of a certain substance; the 
apparent weight of the sinker and substance together is 4 times the 
same weight; find the sp. gr. of the substance. ' 

16, A giren body weighs 4 times as maoh in air as in water and 
one-third as much again in water as in another liquid. Find the sp. 
gr. of the latter liquid. 

17. The crown used by the Stuart Sovereigns which was destroyed 
in the 17th century was said to have been made of pure gold (sp. gr. 
=19*2) and to have weighed 7^ lbs. How much did it weigh in 
water? 

If it had been of alloy, partly silver (sp. gr. = 10‘6) and partly 
gold, and had weighed 7^ lbs. in water, how much of each metal 
would it have contained? 

18. The sp. gr. of a body found by the Hydrostatic Balance, the 
observation being in air and its effect neglected, is a; prove tlmt this 
result is really t^ great by a(^ -1), where a is the sp. gr. of air. 

79. Hydrometers. A hydrometer is an inatrument 
which, by being floated in any liquid, determines the 
sp. gr. of the liquid. There are various forms of the 
hydrometer; we shall consider two, vis. the Common 
Hydrometer and Nicholson’s Hydrometer. 
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% 1(80. Common Hydrometer. This oonBists of a 
straight glass stem ending in a balb, or bnlbs, the lower of 
which is loaded with mercury to make the instrument float 
with its stem vertical. 

To find the specific gramty of a given li^tid. # 

When immersed in the given liquid, let the instniment 
float with the point D of the stem at the surface of the 
liquid. 



WTien immersed in water, let it float with the point C 
of the stem in the surface of the water. 

Let V bo the total volume of the instrument and a the 
area of the section of the stem, this section being constant 
throughout the stem. 

When immersed in the first liquid, the portion of the 
stem, whose length is AD and whose volume is a. AD^ is 
out of the liquid. The volume immersed is therefore 

Y'^ik»AD, 

Similarly, when placed in water, the volume immersed is 

7-a. AC. 

In each case the weights of the displaced liquids are 
equal to the weight of the instrument, so that the weights 
of the liquids are the same. 
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HencOi if 0 be the sp. gr. of the liquid, we have 

r-o.ilC 

"*°Y-a.AD' 

In practice the instrument maker sends out the common 
hydrometer graduated by marking along its stem at different 
points the sp. grs. of the liquids in which the given instru¬ 
ment would sink to these points. 

A hydrometer to shew the sp. grs. of liquids of all 
densities would have to be inconveniently long. Hydro¬ 
meters are therefore usually mode in sets to be used for 
liquids specifically lighter than water, Cor medium liquids, 
and for very heavy liquids respectively. 

Let 0 be a point on the stem o! the hydrometer, 
produced if necessaryi such that the volume ol! the length 
AO of the tube is equal to V, the total volume of the 
hydrometer. 

Hence V=a,AO. 

The result of the previous article then gives q 

V-a.AC 

a =s .. —U 

r-a.AD 

a, AO —a. AO 
^a, AO —a, AD 

OG 

*OD' 

Henoe OD=M, 


0 
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The hydrometer may be then theoretically graduated 
thus; Let C be the point at which the instrument would 
float in water; let 0 be the point on the stem or stem 
produced, such that the volume of the length 00 of the 
stem is equal to that of the water displaced by the instru¬ 
ment when floating in water; then the graduation D 
corresponding to any sp. gr. a is given by 



It follows that for values of the sp. gr. a in Arithmetical 
Progression the distances OD are in Harmonical Progression, 
whilst if the distances OD are in a.f. the corresponding 
sp. gr. are in h.p. 

There are thus two types of the common hydrometer; 

(1) Twaddell’s hydrometer; used in England. Here 
the values of a ascend in a.p. (e.g, 1, 1‘026, 1*05, 1*075,...) 
and the corresponding values of OD descend in h.p., so that 
the marks of graduation become closer together the lower 
they are on the tube. 

(2) Beaum^’s hydrometer; used on the Continent. 
Here the values of OD are in A.P. so that the distances 
between the marks of graduation are the same; the corre¬ 
sponding values of a are now in h.p. 

82. Ex. 1. The whole volume of a common hydrometer if 6 cubic 
inehet and the item, which it a tquare, it ^ irush in breadth; it floate 
in one liquid with 2 tnc^^f of itt item above the turface and in another 
with 4 inehet above the turface. Compare the tpecijie gravitiee of the 
Uquidt, 

In the first liquid the volume immersed 


1 191 



THE COMMOJSr HYDROMETEH 


105 


In the second liqnid the volnme immersed 


»6- 


4 190 . . 

P=S2 


Hence, if Sj and be the required specific gravities, we have 

191 190 

"82 M 


*. i|: Sg :: 190 : 191. 


Ex. 3. The stem of a common hydrometer it eylindriealf and the 
highest graduation corresponds to a specijie gravity of 1 whilst the 
lowest corresponds to 1*2. What specijie gravity will correspond to a 
point exactly midway between these divisions f 

Take the notation of Art 81. Let C and D bo the points which are 
in the surface of the liqnid when the specific gravity of the latter is 1 

OG 

and 1*2 respectively, so that . r .(1). 

Let Di be the point half-way between C and D, endear the corre- 

oc 

spending specific gravity, so that ODi = — ......(2). 

tr . 

A ^=0D,=i(00 + 0D)=i[0C + ^]. 

••• ?=l+J=-y-, BO thrt <r=^ = l'6J. 

This result it will be noted is not half-way between 1 and 1*3. 

More generally, if i] and s^ be the specific gravities corresponding 
to any two graduations of the common hydrometer, then the sp. gr., s, 
eorresponding to the graduation which is half-way between these two, 
is given by 

2 11 
— =r — + " • 

f Sj «| 

)lt83. Nicholson’s Hydrometer. This hydrometer 
consifits of a hollow metal vessel A which supports by a 
thin stem a small pan R on which weights can be placed. 
At its lower end is a small heavy cup or basket C, which 
should be heavy enough to ensure stable equilibrium when 
the instrument is floated in a liquid. 

The instrument may be used to compare the sp. grs. of 
two liquids and also to find the sp. gr. of a solid. - 
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EXAMPLES. XIX. 

1, A oommoD hydrometer weighs 2 ozs. and is gradaated for 
sp. grs. varying from 1 to r'2. What should be the volumes in oubio 
ins. of the portions of the instrument below the graduations 1,1'l, 
and 1*2 respectively? 

2, When a common hydrometer floats in water -^ths of its 
volume is immersed, and when it floats in milk of its volume 
is immersed; what is the sp. gr. of milk? 

3, A hydrometer floats in a liquid of sp. gr. 1*2 and then 4 inches 
of its stem are exposed; il in a liquid of sp. gr. 1*4 eight inches are 
exposed, how much will be exposed if it floats in a liquid of density 

1-a? 


4. The sp. gr. corresponding to the lowest mark on the stem of a 
hydrometer is 1 *6. Wliat is the sp. gr. corresponding to the highest 
mark if the reading half way between the two is 1*3 7 

f 

5. The vohimo of a common hydrometer is 12 cub. cms. and its 
weight is 9 grammes. How much ofit will be unimraersed when it is 
put into a liquid of sp. gr. 'K5 7 

6, A common hydrometer has a small portion of its bulb rubbed 
ofl from frequont use. In consequence when placed in the water it 
appears to indicate that the sp. gr. of water is 1-002; find what 
fraction of its weight has been lost. 

7, Tliere are three liquids A, 11, (7; a hydrometer of variable 
immorsion is placed in them snocesRively; it floats with 2 inches of 
its stem out of A, with 8 inches out of H, and 4 inches out of C\ the 
sp. gr. of A being *6 and that of B *85, what is the sp. gr. of (7? 

tk8. A Nicholson’s Hydrometer weighs 6 ozs. The addition of 
2 ozs. to the upper pan causes it to sink in one liquid to the marked 
point, while 6 ozs. are required to produce the same result in another 
liquid. Compare the sp. grs. of the liquids. 

9. A Nicholson’s Hydrometer, of weight 4| ozs., requires weights 
of 2 and 2| ozs. respectively to sink it to the fixed mark in two 
different liquids. Compare the sp. grs. of the two liquids. 

10. A Nicholson’s Hydrometer is of weight 8 J ozs., and a weight 
of 1^ ozs. is necessary to sink it to the fixed mark in water. What 
weight will be required to sink it to the fixed mark in a liquid of 
density 2*27 
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*n. A oertain solid is placed in the nppM onp of a Nicholson’s 
Hydrometer, and it is then fonnd that 12 grains are required to sink 
the instniment to the fixed mark; when the solid is placed in the 
lower cup 16 grains are required, and when the solid is taken away 
altogether 22 grains are required; find the sp. gr. of the solid. 

12. The standard weight of a Nicholson's Hydrometer is 1250 
grains, A small substance is placed in the upper pan and it is found 
that 630 grains are needed to sink the instrument to the standard 
point; when the substance is placed in the lower pan 620 grains are 
requii^. What is the sp. gr. of the substance f 

r » 

13. In a Nicholson’s Hydrometer if the sp. gr. of the weights be 
8, what weight must be placed in the lower pan to produce the same 
effect as 2 ozs. in the upper pan? 

14. The tp, gr. of a body found by a NichoUon*f Hydrometer tt o- 

when the effect of the air is neglected; prove that the real tp. gr. it 
0 ’-a((r-I), where ait the specific gravity of Air. Alto, if W be the 
apparent weight of the body at found from the experiment, find its 
real weight. • 

Let D and ^ be the real sp. gr. of the ** weights ” and the body, 
let Wj, tr,, tc, be as in Art. 83, and let Wi be the real weight of the 
body and IF, the weight of the instrument. 

As in Art. 83, Jf=Wi-Wm and 

The experiment being performed as in Art. 83, we hare 


fF 2 +wi displaced, 

fr,+w, ^1 - + TTi ^1 - = wt. of the water displaced. 


and IF,+ic, ^1-^^+ 11 ^ 1 ^ 1 --^ * „ ,, 

* 

It >f 


, by subtraction, Wi ^1 - = (iCj - iCa) ^1 

■5) ••• 

.(1), 

and 

-5) ••• 

.(9). 

p - a fp, - to, 

by aiTWon. = 




pssa+r(l-a)=«’-«(^”I)» 





no 


HYDROSTATICS. 


EZS.XIX. 


Also (1) giyes 



[We have neglected the weight of the air displaced by the tin- 
immersed portion of the mstrument; thia is oonstaiit and thaBi 
like does not appear in equations (1) and (2).] 

15. If a common hydrometer be accurately graduated for use in 
a vacuum, show that the error due to using it in air of sp. gr. r will 
be an apparent increaise of e-' of specific gravity, where ir' is to «- in 
the ratio of the volume of the hydrometer nnimmersed to that 
immersed. - 

16. A ooqimon liydrometer has a portion of its bulb chipped off, 
and when placed in liquids of densities a, /3, y it indicates densities 
a', y* respectively; prove that 

_ 7'oj9(a'-/90 

85. U tube method. If tw'o liquids do not mix there 
is another methodj by using a bent tube, of comparing their 
sp. gra. 



ABO is A bent tube having a uniform section 
straight legs. 



TSE U METHOD. 


Ill 


The two liquids ere poured into the two legs and rest 
with their common surfaces at and with the surfaces in 
contact with the air at P and Q. 

Let 2) be in the leg BC and E the point of the leg AB 
which is at t^e same level as D, 

Let Si and Sg be the sp. grs. of the liquids. 

If to be the weight of a unit volume of the standard 
substance, the pressures at E and D are respectively 

Si.w.EF^lL and «,.fo.i?C + n, 

where n is the pressure of the air. 

For equilibrium these two pressures must be the same. 
S|.to.jEP + n = S9.to.i?^ + IL 

• !i 

t. 0 . the sp. grs. of the two liquids are inversely as the heights 
of their respective columns above the common surface. 


EXA.MPLE8. XX. 


1. The lower portion of a U tube contains mercury. How many 
inches of water must be poured into one leg of the tube to raise the 
mercury one inch in the other, assuming the sp. gr. of mercury to be 
18-6? 


m2. Water is poured into a U tube, the legs of which are 8 inches 
long, till they are half fuU. As much oil as possible is then poured 
into one of Uie legs. What length of the tube does it occupy, the sp. 
gr. of oil being 

3, A uniform bent tube consists of two vertical branches and of 
a horizontal portion uniting the lower ends of the vertical portions. 
Enough water is poured in to occupy 6 inches of the tube and then 
enouf^ oil to occupy 6 inches is pou^ in at the other end. If the 
sp. gr. of the oil be i, and the length of the horizontal part be 2 
inches, find where me common surface of the oil and water is 
sitaaM 
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4, The lower portion of a U tnbe contains merouiy. Some 
liquid is poured into one of the limbs until it occupies 8 inches of 
the tube. II the difference of the levels in the two limbs is found to 
be 7 inches and the sp. gr. of mercury is 18*6, what is the sp. gr. of 
illiquid? 

6. Tlie lower ends of two vertical tubes, whose cross sections 
axe 1 and *1 square inches respectively, are connected by a tube and 
this tube and &e two vertical tubes contain mercury of sp. gr. 18*596. 
How much water must be poured into the larger tube to raise the level 
of the mercury in the smaUer tube by one inch! 


6, A U tube, the sections of whose arms are 2 sq. cms., and 1 sq. 
cm. respectively, is placed with its arms vertical and above the bend. 
A quantity of mercury, whoso sp. gr. is 18*65, is poured into the tube 
and 52 cub. cms. of water are then poured into the wider arm. 
Through what distance will the addition of the water cause the 
mercury in tJiis arm |o desoend? 


A U,tube of cross section a with equal vertical legs contains a 
liquid of density p. ,In the liquid on one side there is floating freely 
a solid body pf volume ab and density The length of the 

other leg unoeoupied by liquid is e. Another liquid of density r (< v) 
is then poured into the leg in which the solid is floating till that leg 
is full. Shew that the length which is still unoccupied of the other 
leg is 


pi^p-r) 


+2c 


P-‘f 

2p—T* 


ItcSQ, Hare’s Hydrometer. This instrument oonsista 
of two hollow vertical tubes connected by a hollow horizon¬ 
tal tube Q; from the latter proceeds a small tube which 
can be secured by a stopper or other contrivance. 

The two vertical tubes have their ends placed in 
the two liquids A and Bj whose sp. grs. are to be 
compared. 

By attaching an air-pump at iZ, or by simple suction, 
a certain quantity of air is drawn out, so that the pressure 
of the air is reduced from the atmospheric pressure n to a 
pressure ll'. 
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The liquida then rue in the two tubes to some such 
levels as E and F, 

Let C and D denote the corresponding levels in the 
vessels A and B and let the heights CE and DF be measured. 
Let Sg be the sp. grs. of the liquids in the vessels A 
and B, 



By Art. 31, we then have 

n = U'+ws,.(7^, 
and U = + 

/. b^.GE- 8^, DFf 

s, CE 
’ DF' 

giving the ratio of the sp. grs. of the two liquids. 

If Sj be a known liquid, say water, then 8^ is thus found. 

It is clear that the method of Hare’s Hydrometer is 
that of an inverted U tube. 
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87. Speoiflo gravity Balls. A method often adopted 
to find the sp. gr. of a liquid is to use amall glass balls, 
loaded with mercury, the load being so adjusted that each 
ball just floats in a liquid of a definite 8p.gr. If a number 
of these balls be put into a liquid, some will float and some 
will sink. Probably no ball will exactly float; but generally 
there is not much difiiculty in finding one ball will just sink, 
and another ball which will float with not quite all its volume 
immersed. The required sp. gr. of the liquid will lie between 

the sp. grs. denoted by these two. 
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CHAPTER m 

ON QABES. 

88. Wb nave pointea out in Art. 3 that tlie essential 
differenco between gases and liquids is that th& latter are 
practically incompressible whilst the former are yery easily 
oompressibla 

The pressure of a gas is measured in the same way as 
the pressure of a liquid. In tho case of a liquid the pressure 
is due to its weight and to any external pressure that may 
bo applied to it. In the case of a gas, however, the external 
prodsure to which the gas is subjected is, in general, the 
chief cause which determines the amount of its pressure. 

89. Air exerts a pressure. This may be seen from 
several experiments; 

(1) If we put a bladder of air into the receiver of an 
air-pump and exhaust the air from the receiver, the 
pressure of the air inside the bladder is no longer counter¬ 
acted by that of the air outside the bladder; the bladder 
increases in size’and finally bursts. 
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(2) If we push a glass tumbler mouth downwards into 
water, it will be seen that the level of 
the water inside the tumbler is lower 
than that outside; the pressure of the 
imprisoned air forces the water down. 

(3) An experiment known as that 
of the Magdeburg hemispheres was first 
made m the middle of the seventeenth 
century. Two hollow hemispheres were 
fitted together very accurately, so that 
they were air-tight. The hollow inside 
was then exhausted of air. It was 
then found that very great force was 
necessary, to separate the hemispheres. . 

If they are a foot in diameter, the force 
to bo exerted on each is more than 
1600 lbs. wt. 

90. Air has weight. This may be shewn experi¬ 
mentally as follows: 

Take a hollow glass globe, closed by a stopcock, and by 
means of an air-pump (Art. 137), or otherwise, exhaust 
it of air, and weigh the globe very carefully. 

Now open the stopcock, and allow air at atmospheric 
pressure to enter the globe, and again weigh the globe very 
carefully. 

The globe appears to weigh more in the second case 
than it does in the first case. This increase in the weight 
is due to the weight of the air contained in the globe. 

^he sp. gr. of air referred to water is found to be 
'001293, t. 0 . the weight of a cubic foot of air is about 
1*293 ounces. 
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So at a pressure of 76 cms. of meroury the density of 
dry air is *001293 grammes per cub. cm. 

•001293 nearly, 

91. It may be similarly shewn that any other gas has 
weight and pressure. 

The following are the specific grayities of some principal 
gases at 0* C. and a pressure of 76 cms. of mercury. 


Air 

•001293. 

Oxygen 

•001430. 

Hydrogen ^ 

•000089. 

• 

Nitrogen 

•001*256. 

Carbonic Acid 

•001977. 


Hydrogen is hence about one-fourteenth as heavy as air, 
and thus is very useful for filling balloons; Carbonic acid 
gas is much heavier than air, and it may be poured like a 
liquid from one vessel into another. 

92. Pressure of the atmosphere. 

Take a glass tube, 3 or 4 feet long, closed at one end B 
and open at the other end A. Fill it carefully with mer¬ 
cury. Invert it and put the open end A into a vessel 
DEFO of mercury, whose upper surface is exposed to the 
atmosphere. Let the tube be vertical. 

The mercury inside the tube will be found to descend 
till its surface is at a point G whose height above the level 
H of the mercury in the vessel is about 29 or 30 inches. 

For clearness suppose the height to be 30 inches. The 
pressure on each square inch just inside the tube at Zf is 
therefore equal to tiie weight of the superincumbent 30 
inches of mercury. 
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Bat the pressure at H jost inside the tube is equal to 
the pressure at the surface of the mercury in the yessel, which 


Itl—. 


again is equal to the pressure of the atmosphere in contact 
with it. 

Hence in our case the pressure of the atmosphere is 
the same as that produced by a column of mercury 
30 inches high. 

This experiment is often referred to as Torricelli’s ex¬ 
periment, and the vacuum above C is often called Torricelli’s 
vacuum. 

If the height of the column of mercury inside the tube 
bo carefully noted, it will be found to be continually, 
changing. Hence it follows that the pressure of the at¬ 
mosphere is continually changing. It is, in general, less 
when the atmosphere has in it a large quantity of vapour. 

93. The pressure of the atmosphere may, when the 
height of the column UG is known, be easily expreased in 
lbs. wt. per sq. foot or sq. inch. 

For the density of pure mercury is 13*596 times that of 
water, is. it is 13596 ounces per cubic foot 
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When the height of the column HC is 30 inches, the 
pressure of the atmosphere per sq. inch 

= wt. of 30 cubic inches of mercury 

_0A 13596 ^ 

1728x16 

= U-76...1b(i. Tti, 


Similarly in centimetre-gramme units, if the height of 
the column be 76 cms., the pressure of the atmosphere per 

sq. cm.aw1«. of 76 cub. cms. of mercury 

= wt. of 76 X 13'596 cub. cms. of water 
— 76 X 13*696 grammes wti 
SB 1033*296 grammes Irk 
= 1013663*376 dynes. 


94. Stcmda/rd atmospheric pressure. The atmosphere 
is said to be at standard pressure when the height of the 
column of the mercury barometer is 76 centimetres and 
the temperature is 0"C. This corresponds to a pressure, 
as in the previous article, of about 1013663 dynes per 
square centimetre. 

In England the height for the standard pressure is 
usually taken to be 30 inches (=76*2 cms. nearly). The 
'corresponding pressure is 14*75 lbs. wt. per sq. inch. 

This standard pressure, depending as it does upon the 
weight of a certain quantity of mercury, is not the same at 
all points of the Earth’s surface. (DyjuimieSf Art 70.) 
Hence it has been suggested that it would be well to take 
a pressure of one million dynes (i.6, a mega-dyne) per 
square centimetre as the standard pressure. This would 
correspond to a barometric height which 


1000000 


cms. s 76 cms. very nearly. 


981 X 13*696 
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Large pressures are often expressed in terms of the 
pressure of the atmosphere eta the unit. 


95. Height of the Homogeneoiu Atmosphere. 
If the atmosphere were homogeneous, which it is very 
far from being, it would be easy to calculate its height. 
The height however of that atmosphere which, if it were 
of the same density as the air at the earth’s surface, would 
give the same pressure at the earth’s surface as the actual 
atmosphere does, is called the height of the homogeneous 
atmosphere. 


The sp. gr. of air is about *0013, so that its weight per 
cubic foot = *0013 limes the wt. of a cubic foot of water 
= about *0013 X 62^ lbs. wt. 

If h b^ the* required height of the homogeneous 
atmosphere in feet, then 


h X density of air » ht. of mercury barometer 

X density of mercury. 

A » X height of the mercury barometer 

density of air 


13*696 30, , 


K 26146 feet nearly 
s nearly five miles. 

The pressure at any point of the earth’s surface is thus 
roughly equal to what it would be if the atmosphere were 
throughout of the same density as it is at the earth’s 
surface, and if it were 6 miles in height. 


96. Barometer. The Barometer is an instrument 
for measuring the pressure of the air. In its simplest form 
it consists of a tube and reservoir similar to that used in 
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the experiment of Art. 92, and contains liquid supported 
by atmospheric air. The pressure is measured by the height 
of the liquid inside the tube above the level of the liquid in 
the reservoir. 

The liquid generally employed is mercury, on account of 
its great density. Glycerine is sometimes used instead. 

The ordinary height of the mercury barometer is 
between 29 and 30 inches. 

If water were used, the height would be about 33 to 
34 feet 

97. Siphon Barometer. The usual form of a 
barometer in practice is a bent tube ABCt the diameter 
of the long ])art AB l^eiiig considerably smaller than that 
of the short pari BC. It is placed so that the two portions 
of the tube are vertical 



The end of the short limb is exposed to the atmosphere, 
and the end A of the long limb is closed. The long limb 
is usually about 3 feet long and inside the tube is a 
quantity of mercury. Above the mercury in the long 
limb there is a vacuum. 
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When the anrfaoes ol the mercniy in the two limbs 
are at P and G respectively, the pressure of the air is 
measured by the weight of a column of mercury whose, 
height is equal to the vertical distance between P and (7, 
t. 0 . to the vertical distance FD where 2) is a point on the 
long limb at the same level as 0. 

For, since there is a vacuum above P, the pressure at 2) 
is equal to the weight of a colunm of mercury of height DP, 

Again, since C and 2) are at the same level, the pressures 
at these two points are the same; also the pressure of the 
mercury at C is equal to the pressure of the atmosphere. 
Hence the pressure of the atmosphere is equal to the 
weight of .the colunm DP, 

The tube/7P is marked at regular intervals with num¬ 
bers shewing the height of the barometer corresponding to 
each graduation. 


98. Oraduation of a barometer. In graduating a 
barometer there is one important point to be taken into 
oonsidoration, and that is that if the level of the mercury 
in DA rises the level of that in DC must fall. The required 
height of the barometric column is always the difference 
between these two levels. 

Suppose the section of the part DA to be uniform and 
equal to -^th of a square mch, and that the section of the 
shorter limb near C is uniform and equal to one square inch. 

Also suppose that the level of the mercury in the longer 
limb appears to rise one inch. Since the increase of the 
volume of mercury in one limb corresponds to a decrease 
in the other, it follows that the level of the mercury in the 
shorter limb has fallen y^^th of an inch. 
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Hence the height between the two levels has increased 
by(l + ^), t. 0 . yiths of an incL Therefore an apparent 
increase of one inch in the height of the mercury does, in 
our case, correspond to a real increase of ^ 

So an apparent increase of ^ inch corresponds to a real 
increase of one inch. 

To^avoid the trouble of having to make this correction, 
the limb BA is divided into intervals of ^4 
markings are made as if these intervals are really inches. 

More gmerally. Let the long limb be of sectional area 
A and the short limb of sectional area A\ and suppose both 
A and to be constant. 

A rise of a; in the level of the mercury in the long limb 

* A * * 

would cause a fall of -77 a; in the short limb. 

A 


Hence an apparent increase of a; in the height of the 
barometric column would correspond to a real increase of 


A . . A + A 

® + -r» *1 01 -JT “*• 

A A 


A' 


So an apparent increase of —j, x would correspond to 

A ^ A 


a real increase of as. 


Hence, to ensure correctness, the distances between the 
successive graduations in the long limb are shorter than 
they are marked in the ratio A' : A-hA\ 

If the barometer is not so graduated, but has the 
distances between the graduations marked at their true 
value, then to get the true height from the apparent height 

we must multiply the latter by 1 This is known as 

the Correction for the Capacity of the Cistern. 
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99. Correction for Temperature. Mercury expands 
with heat, and therefore its density diminishes; so also 
does the measuring rod, usually made of brass, wbicb 
measures the apparent height of the mercury. For accu¬ 
rate measurements it is therefore necessary to choose some 
standard temperature; for the higher the temperature ihe 
less the weight of a certain length of mercury.. This 
standard temperature is usually the freezing point of water. 

Let h. be the observed height of the mercury at 
temperature Centigrade, and let be the corresponding 
height at 0*C. 

If a (= about *00018) be the coefficient of expansion of 
mercury per degree Cent., we have 

^0 [1 + == A . 

• A -A_ 

(1 + a£)~^ = A(1 — ai\ 

approximately, by the Binomial Theorem, since a is very 
small 

Again, if the divisions of the scale are true inches at 
0*0., and if p be the coefficient of linear expansion of the 
scale, then h apparent inches are really A(1 + pt) inches at 

m 

/. Aq = A(1 - a^) apparent inches 
= A (1 + pt) (1 — at) real inches. 

Now, in the case of brass, P is very small, and = about 
000019. 

.*. A 0 = A [1 — (a — 

* A[1 — (a — ^) <] nearly. 

Also a-p = *00018 - *000019 

= *00016 nearly. 

/. A,-A-*00016xAx<. 
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Thus from the apparent height h must bo subtracted 
the small quantity 

•00016 X Ax I. 

In a similar manner it could be shewn that the cor¬ 
rection for temperatures I'ahrenheit is - '00009 {t — 32) A 
nearly, at temperature t* F. 

This correction is often made by the help of tables 
which give its value for all ordinary temperatures, and 
barometric heights. 

100. Correction /or unequal intensity of gravity. 
When barometric observations extending over a large area 
are compared, a correction must bo applied for the unequal 
intensity of gravity. It is usual to reduce these observa¬ 
tions to sea-level in latitude 45*. It coiild be shewn that 

g = Pj[ 1 - ‘OOJST cos 2X, — 1 '96 x A x 10“'], 
where g is the intensity of gravity at the given place, 
whose latitude is X and whose heiglit is A centimetres above 
the sea-level, and is its value at the sea-level in latitude 

45*. 

The observed height must thus be multiplied by 

1 — '00257 cos 2X — 1*96 x A x 10“* 
to reduce it to sea level in latitude 46*. 

101. There are also other corrections due to Capillarity 
and Yapour Pressure. 

On account of capillarity, the top of the mercury in the 
tube is not flat but is convex. 

The mercury in the tube gives off a certain amount of 
vapour, and its pressure tends to depress the column. 

These two sources of error are however both very small 
in the case of a mercury barometer. 
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In tho case of a water-barometer the vapour-pressure is 
of much more importance. 

102. Aneroid Barometer. This is a form of baro¬ 
meter where there is no column of mercury or other liquid. 
In it the varying pressure of the atmosphere is shewn by 
its varying effect on the thin metallic cover of a closed and 
partially exhausted chamber or box. The motion of,this 
cover is by means of levers magnified and communicated 
to an index which shews the change of pressure. The 
graduation of this instrument is made by comparing it with 
a standard mctrcuxy barometer. 

The aneroid bardmeter can be made of small size and 
weight, and portability is a very important advantage. 
But it cannot be made to be as accurate as the mercury 
barometer. * 


EXAMPLES. XXL 

1, At the bottom of a mine a mercnrial barometer stands at 
77'4 oms.; what would be the height of an oil barometer at the same 
place, the sp. grs. of merooxy and oil being 18*696 and *9? 

" *2. If the height of the water barometer be 1033 oms., what will 
be &e thrust on a curcular disc whose radius is 7 oms. when it is sunk 
to a depth of 60 metres in water ? 

sy * 

3, Glycerine rises in a barometer tube to a height of 26 ft. when 
the mercury barometer stands at 30 ins.- The sp. gr. of mercury 
being 13*6, find that of glycerine. 

If an iron bullet be allowed to float on the mercury in a barometer, 
how would the height of the mercury be affected? 

* 

4. The diameter of the tube of a mercurial barometer is 1 cm. 
and that of the cistern is 4*6 oms. If the surface of the mercury in 
ihe tube rise through 2*6 cms., find the real alteration in the height 
of the barometer. 

'^5. The diameter of the tube of a mercurial barometer is Jin. 
and tihat of the oistem is Ij ins. When the surface of the mercury 
rises 1 in., find the real alteration in the height of the barometer. 
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103. Conmctim het%oem the preamre a/nd density of 
a gas. 

It is easy to shew that the density of a gas alters when 
its pressure alters. 

Take an ordinary glass ti^mbler, and immerse it month 
downwards in water, taking care always to keep it vertical. 
As the tumblor is pushed down into the water the latter 
rises inside the tumbler, shewing that the volume of the 
air has been reduced. 

Also the pressure of the contained air, being equal to 
the pressure of the water with which it is in contact, is 
greater than the pressure at^ho surface of the water. Also 
the pressure at the surface of the water is equal to atmo¬ 
spheric pressure^ which was the origii;)^ pressure of the 
contained air. HencQ we see that whilst the'contained air 
is compressed its pressure is increased. 

Consider again the case of a boy’s pop-gun. To expel 
the bullet the boy sharply pushes in the piston of the gun, 
thereby reducing the volume of the air considerably; since 
the bullet is expelled with some velocity the pressure of the 
air behind it must be increased when the volume of the air 

■V 

IB reduced. 

As another example take a bladder with veiy*little air 
in it but tied so that this air cannot escape. Place the 
bladder under the receiver of an air-pump and exhaust the 
air. As the air gets drawn out its pressure on the bladder 
becomes less; the air inside the bladder is therefore subject 
to less pressure, and in consequence expands and causes 
the bladder to swell out. 

The relation between the pressure and the volume of a 
gas is given by an experimental law known as Boyle’s 
Law, which says that 
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ThepretmrB of a given quantity of ^og, whose temyeratwre 
remams wudteredf varies innwsely as its volume. 

This Law is generally known on the Continent under 
the name of Marriotte’s Law. 

k 

^104. In the case of air the law may be verified 
experimentally as follows: 

ABC is a bent tube of uniform bore of which the arms 
BA and BC are straight. The arm BG is much longer 
than BA. 

At A let there be a small plug or cap which can be 
screwed in so as to/endor the tube BA air-tight. 



First let this cap be unscrewed. Pour in mercury at C 
until the surface is at the same level D and E in the two 

limbs. 

Screw in the cap at A tightly so that a quantity of air 
is enclosed at atmospheric pressure. 

Four in more mercury at C until the level of the 
mercury in the longer arm stands at G. The level of the 
mercury in the shorter arm will be found to have risen to 





BOTLE'S LAW, 


129 


some such point as which however is below G. It follows 
that the air in the shorter arm has been diminished in 
volume. 

Let h be the height of the mercury barometer at the 
time, and let II be the point on the longer limb at the same 
level as F Then the pressure of the enclosed air 

■= pressure at F 
■■ pressure at H 

=wt. of column HG + pressure at G 

= wt. of column HO + wt. of column h 
= wt. of a column (I/G + h). 

. final pressure _ wt. of a column (UO + h) HG + h 
original pressure wt. of a column h * ~ h ' 

ori^nal volume of the air DA “ 
final volume of the air FA' 

It u fcmndt when careful measurements are made, that 

HG + h DA 
h “ FA' 

, final pressure original volume 
original pressure final volume ' 

t.6. final pressure : original pressure 

1 1 

• • -- • - - - 

final volume * original volume 

This proves the law for a diminution in the volume of 
the air. 

^105. Boyle's Law for an expansion of air may be 
verified in the following manner: 

Take a vessel containing mercury and a tube AC 
partially filled with mercury and open at the end 0, 
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Insert the tube and hold it in a vertical position with 
its unclosed end C under the surface of the mercury in the 
vessel. Hold it initially so that the level of the mercury 
inside and outside the tube is the same. Let the point of 
the tube which is now at the surface of the mercury be 
so that the enclosed air when at atmospheric pressure 

occapies a length A5, 



Raise the tube some distance out of the mercury. The 
air will be found to expand and also the mercury to risd 
inside the tube. Let the common surface of the mercury 
and enclosed air be now at D, 

If A be the height of the mercury barometer at the time 
of the experiment, the original pressure of the air inside the 
tube was gph. After the tube has been lifted the pressure 
of the air inside is the same as that of the mercury at 2), 
and = pressure a,t E~gp . DE ~gp{h- DE). 

Also the original and final volumes are proportional to 
AB and AD. 

It is f<nmdf>on careful measurements being made, that 

h-DE AB 


i.s. that 


final pressure _ original volume 
original pressure final volume ' 
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?^106. Boyle’s Law may also be verified by the follow¬ 
ing method, which is a modifi¬ 
cation of that of Art. 104, and 
is applicable to both increases 
and decreases of the volume of 
the air. 


AB and CD are two 
tubes, which are connected by 
flexible rubber tubing and are 
•attached to a vertical stand. 

AB is closed at the top but CD 
is open. A vertical scale is :^xed 
to the stand, and CD can move 
in a vertical direction parallel 
totkisscala The rubber tubing 
and the lower parts of the glass 
tubes are filled with mercury. 

The upper pa^ of the tube 
AB is filled with air, and its 

pressure at any time is measured by ^ + ED^ where E is 
at the same level as B and h is the height of the mercury 
barometer. Raise or lower the movable tube CD, Then 
in all cases it will be found that 



AB oc 


h-^ED' 


i.e, that volume oc 


pressure 


107. Until comparatively recent times it was sapposed that 
Boyle’s Law was perfectly aocarate. Bfore careful experiments have 
shewn that it is not strictly accurate for all gases. It is however 
extremely near the truth for gases which are very hard to liquefy, 
such as air, oxygen, hydrogen, and nitrogen. Most gases are ra&er 
more compressible than Boyle’s Law woifid imply. 
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It is found that for all gases, except hydrogen, the product of the 
rolome and pressure diminishes, for moderate pressures, as the 
pressure increases, and that this diminution is greater the more easily 
the gas is liquefied; on the other hsmd, for hydrogen the product of 
the Tolume and pressure slightly increases as the pressure increases. 

A gas which accurately obeyed Boyle’s Law would be called a 
rerfect aaa. The aboye-mentioned gases are nearly perfect gases. 


108. Let be the original pressure, ^ the original 
volunae^ and p the original dciisitj^ of a given mass of gas. 

When the volume of this gii.a has been altered, the 
temperature remaining constant, let p be the new pressure^ 
V the new volume, and p the new density of the gas. 

Boyle’s Law states that 

p _v* 
p' ~ v' 

p.v=p'.i/ .(1). 

Now p . V and p'. v' are each equal to the given mass of 
the gas which cannot bo altered. 

p.«=p'.t/. (2). 

f'rom ( 1 ) and ( 2 ), by division, 

p_p' 

p p 

P 

Hence - is always the same for a given gas. Let its 
• P 

value be denoted by A, so that p = kp. 

* 

Ez. Aeavming the sp. gr. of air to he *0013 token the height of the 
mercury barometer ie 30 incheSf the $p. pr. of mercury to be 13*696, 
and the value of g to be 82*2, prove that the value of A, /or fooUteeond 
unite, ie 841906 nearly. 

Find aleo the value for 0.0.1. units, aeeuming paOSl and that the 
height of the mercury barometer ie 76 ctiu. 
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j»=X 18*696 X jr X 62^ ponndala pet square fool, 
and *0013 x 62^ lbs. 

B *841906 nearly. 

19 

In 0 . 0 . 8 . measure, 

p=76 X 18*596 X 981 dynea per aq. cm., 

and p**0013 grammes pet oub, om. 

. 76x13*696 x 981 76x136960 x 981 

" -OOia “ 18 

*779741000 nearly. 

109. Ex. 1. TM sp, gr. of mercury it 18*6 and the larometer 
stands at 30 int. A bubble of gat, the volume of which it 1 cub. tTt. 
when it it at the bottom of a lake 170 ft, deep, rites to the surface. 
What will be its volume when it reaches the surface f 

If w be the weight of a cub. ft. of the water, the pressure per 
sq. ft. at the bottom of the lake 

*170w +13*6x2^1# 

B 204ui*. 

Also the pressure at the top of the lake* 13*6 x 2|io 

* 3410 . 

Hence, if x be the required volume, we have 

«x34i0=lx2O4t0. 
oub. ins. 

Ez. 1. At what depth in water would a bubble of air sink, given 
that the weights of a cub. ft, of water and air are respectively 1000 and 
1^ ots., and that the height of the water barometer it 84 ft. t 

Let X be the depth at which the bubble would just float. This is 
the ease when the denuty of air at this depth is just equal to the 
density of water. 




110. Cartesian Diver. This toy consists of a hollow 


glass bulb at i!he bottom of which 
is a small opening; to this bulb 
is attached at its lower end a 
counterpoise^—usually the figure 
of a man. There is some air in 
the bulbi and the amount of this 
air and the weight of the toy are 
so adjusted that the whole would 
just fioat in water. 

It "floats in the water con¬ 
tained in a cylinder, the upper 
end of which is closed by a piece 
of bladder or india-rubber. If 
the hand be pressed on this 
bladder, the air underneath is 
jBompressed, and thus by Boyle’s 
Law its pressure increased. This 
additional pressure is conveyed 
through the water to the air 
inside the toy and the volume of 



this air is thus decreased, by Boyle’s Law. 
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The Diver now displaces less water than before, and 
thus the upward vertical thrust of the water is decreased. 
Hence, since its weight remains unaltered, it sinks. 

On removing the hand the pressure is lessened, and the 
diver in general rises again. 

If the vessel be deep enough it may however happen 
that, even when the external air pressure is removed, the 
air inside the bulb, when it is at the bottom of the vessel, 
may occupy so little space that the weight of the diver 
exceeds the weight of the displaced water. In this case 
the toy will not rise again. 

EXAMPLES. XXn. 

1, What is the sp. gr. of the aix at standard pressm'e (760 wim , 
of meronry) when the sp. gr. of air at a pressare of 700 mm. of 
merouiy, r^erred to water at 4** 0. as standard, ia found to ^ 
•00119? 

2, When the height of the meronrial barometer changes from 
20*45 ins. to 30*23 ins., what is the change in the weight of 1000 onb. ' 
ins. of air, assuming that 100 onb. ins. of air weigh 31 grains at the 
former pressure? 

3, When the water barometer Is standing at 33 ft. a bubble at 
a depth of 10 ft. from the surface of water has a volume of 3 cub. ins. 
At what depth will its volume be 2 onb. ins. ? 

4, Assuming the height of the water barometer to be Jt, l£ad 
to what depth an inverted tumbler must be submerged so that the 
volume of the air inside may be reduced to one*third of its osiginal 
volume. 

Find also to what depth a small inverted oonieal wine-glass must 
be lowered so that the water may rise half way up it. 

5, A cylindrical test tube is held in a vertical position and im¬ 
mersed mouth downward in water. When the middle of the tube is* 
at a depth of 82*76 ft. it is found that the water has risen hall way 
op the tube. Find the height of the water barometer. 

0. A uniform tube closed at the top and open at the bottom is 
plnn^ into mercury, so that 25 cms. of its length is occupied by 
gas at an atmoi^ene pressure of 76 cms. of mercury; the tube is 
now raised till tu gas occupies 60 cms.; by how much has it been 
rai^f 
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7, What are the nees of the email hole whioh is made in the lid 
of a teapot and of the \ent-peg of a beer barrel f 

8, A hollow closed cylinder, of length 2 ft., is full of air at the 
atmoepherio pressure of 16 lbs, per square inch when a piston is 
12 ins. from the base of the cylinder; more air is forced in through 
a hole in the base of the cylinder till there is altogether three times 
as much air in the cylinder as at first; if the piston be now allowed to 
rise i ins., what is the pressure of the air on each side of the piston f 

Through how many inches must the piston move from its original 
position to be again in equilibrium 7 

9, A balloon half filled with ooahgas just floats in the air when 
the mercury barometer stands at 30 ins. What will happen if the 
barometer sinks to 28 ins.? 

What would happen if the balloon had been quite full of gas at 
the higher pressure? 

% 

10, A gas-holder consists of a cylindrical vessel inverted over 
water. Its«diametor Is 2^ ft. and its weight CO lbs. Find w^hat part 
of the weight of the uylindei must be counterpoised to make it supply 
gas at a pressure equivalent to that of 1 in. of water. 

11, A pint bottle oontainiiig atmospheric air just floats in water 
, when it is weighted with 5 ozs. The weight is then removed and the 

bottle immersed neck downwards and gently pressed down. 

Shew that it will inst float freely when the level of the water inside 
the bottle is 11 ft. below the surface, and will sink if lowered further, 
and rise if raised higher. The water barometer stands at 88 ft. and 
a pint of water weighs 20 ozs. 

%^12. A closed air-tight cylinder, of height 2a, is half full of water 
and half full of air at atmospheric pressure, which is equal to that 
of a column, of height h, of the water. Water is introduced with¬ 
out letting the air escape so as to fill an additional height k of 
the cylinder, and the piossuro of the base is thereby doubled. Prove 
that 

ksaa+h^iJah+h*. 


13, In a vertical cylinder, the horizontal section of whioh is a 
square of side 1 ft., is fitted a weightless piston. Initially the air 
bdow the piston occupies a space 7 ft. in length and is at the name 
pressure as the external air, 6 cub. ft. of water are taken and two- 
thirds of a cub. ft. of iron. If the iron be placed on the piston 
it sinks 1 ft. If the water also be then poured on it, it sinks 
through II ft. Find the sp. gr. of iron and the height of the water 
barmneter. 
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^ V 14. A hollow oylinder, of height h and open at the top, is inverted 
and partially immersed so that a length k of it is nnder water; prove 
that the air inside it ooonpies a length x given by the eq.natlon 

af^+x{n+k-h)=E.h, 
where H is the height of the water barometer, 

15, An open oanister, 4^ ins. high, is inverted over a vessel 
of meronry and pressed down nntil its bottom is in the surface of the 
fluid. Find how high the mercury will have risen within the oanister, 
the height of the mercury barometer being 30 ins. 

16. A conical wine-glass, 4 ins. in height, is lowered, month 
downwards, into water till the level of the water inside is 34 ft. 
below the surface; the height of the water barometer being 34 ft., 
what is the height of the part of the cone now occupied by air? 

3^ 17.. A thin conical sorface of weight W just sinks to the surface 
of a liquid when immersed with its open end downwards; when 
immersed with its vertex downwards a weight mW must be placed 
inside it to make it sink to the same depth as before; if A Be the 
height of a barometer of the same liquid, prove that the height of the 
cone is AjWI+m. 

18. A circular cylinder closed at one end has a height of 8 ft. 
and the area of the external cross-section is to that of the internal 
oroBB-section as 7 : 4; the thioknoss of the flat end may be neglected 
and the sp. gr. of the cylinder is 2. 

This vessel is pushed into water with the mouth downwards; 
prove that if the depth of the mouth exceed 13 ft., the cylinder will 
of itself sink lower, the height of the water barometer being 33 ft. 

19. A cylinder, of height 6 ft. with its axis vertical, is full of 
air at atmospheric pressure, and is closed at the top by a tightly- 
fitting piston of mass 30 lbs.; if the piston sinks 2 ft. under its own 
weight, find the thrust that must applied to the piston to forea 
it down an additional 2 ft. 

20. A piston of weight 62‘5v lbs. fits accurately in a cylinder, 
whose axis is vertical, and encloses a volume of air which is 1 ft. in 
height when 8 ft. of water stands in the cylinder above the piston. 
A sphere of density 6-6 and diameter 9 ins. is now suspended by a 
string freely, and is completely immersed in the water; if the 
diameter of the cylinder be 1 ft., find the depth through which the 
piston win sink. 

*21. A piston, of weight W, is placed at the middle of a horizontal 
eylinder wUch it closely fits, the air on each side of it being of 
atmospheric pressure H, and the ends of the cylinder elosed. The 
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cylinder ii ihen tilted op till iti azia ii inolmed at angle a to the 
horizon; prove that the piston will be in eqmlibriom again at a 
distance from its original position equal to 

a [n/1 +X*ooseo* a - Xcosee a], 

where 2a is the length of the cylinder, A is the area of the piston, and 

n.ii 

W 

22. A weightless piston fits into a vertical oylinder, of height h, 
closed at its base and filled with air, and is initially at the top of the 
oylinder; water is slowly poured into the oylinder upon the top of the 
piston; prove that a quantity which would fill a length h~M ot the 
oylinder can be poured in before any runs over, where H is the height 
of the water barometer. 

Explain the case where H>h. 

h 

111. Relatioru ^between the pretiu/ref temperature^ and 
density of a gas. 

It can be shejvn experimentally that a given mass of 
gas, for each increase of 1*C. in its temperature, has its 
volume increased (provided its pressure remain constant) 
by an amount which is equal to *003665 times (= i^early) 
its volume at 0* C. 

Thus, if F, be the volume of the given mass of gas at 
temperature 0* C. and a stand for *003665, the increase in 
volume for each degree Centigrade of temperature is aFo. 
Hence the increase for f*0. is aF». f, so that if F be the 
volume of this air at temperature f 0., then 

F= Fj + aFjf = Fo (1 + at). 

If p and pq be the respective densities at the temperatures 
I* 0 . and 0 * 0 ., then, since 

py=Poro, 

we have - = = 1 *•• «<• 

p F, 

dr.*. p,=p(i + oO. 

The above law is sometimes known as Gay-Lussac's 
and sometimeB as Charles'. 
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112. A relation similar to that of the previous article 
holds for all gases. For those approximating to perfect 
gases a is very nearly the same quantity. 

If the ^temperature be measured by the Fahrenheit 
thermometer and not the Centigrade, the value of a is 
V X TTT nearly [for 180 degrees on the Fahrenheit scale 
equal 100 degrees on the Centigrade scal^ i.$, 1* F. = f* C.] 


^ Ex. 1. If the volume of a certain quantity of air at a temperature 
of 10° G. be 800 cub. cms., what mU be ite volume (at tiu fame preuure) 
when ite temperature ie 20° C. 7 

If r be its Yolume at 0° C., then 


« F— ?Z?x800 

*• *^”283 


Hence the volume at 20°0.sK+20.y^g. 7 

“Pi is" ^ ““ 


Ex. 2. The volume of a certain quantity of gae at 15° <7. ie 400 cub. 
erne.; if the preeeure be unaltered, at what temperature will ite volume 
be 500 cub. eme.f 

Let t be the required temperature. Then 

600 volume at temp. t^O, ^273 ^ 

400volume at temp. 15® 0."" " ' 


273-ft 
* 288 * 

.*. t=87®0. 

113. Suppose the gas at a temperature 0*C. to be 
confined in a cylinder, and to support a piston of such a 
weight that the pressure of the gas is p, and let the density 
of the gas be po, so that 
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Let heat be applied to the cylinder till the temperatui-e 
of the gas is raised to f C., aud let the dejisity then bo p. 


By Charles* law we have then 

fo=p(l+«t).(2). 

From (1) and (2), we have 

p = (1 +af), 

giving the relation botween the pressure, density, aud 
temperature of the gas. 

^114. Absolute temperature. If a gas wore con¬ 
tinually cooled till its temperature was far below 0^ C., and 
if it did not liquefy and continued to obey Charlos’ and 
Boyle’s Laws, its pi'essuro would be zero at a temperature 
such that Hr 

1 + 0 , 

when = --■«-273. 

a 

This temperature -273” is called the absolute zero of 
the Air Thermometer, and the temperature of the gas 
measured from this zero is called the absolute temperature. 
The absolute temperature is generally denoted by so 
that 
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Hence 

p = 1;/) (1 + at) = kpa kpaT, 

Therefore, if T be the volume of a certain quantity of 
gas, we have 

—^ - ka.\y, p\=ka'< mass of the gas « a constant. 


♦ Hence the product of the pressure and volume of any 
given mass of gas is proportional to its absolute temperature. # 


Ex. The radius of a sphere containing air is doubledf and the 
temperature raised from 0° C. to 91® C. Prove that the pressure of 
the air is reduced to one-sixth of its original yalue, the coefficient of 
expansion per 1° G. being 

Let p be the original and p' the final pressure, p the driginal and 
ff the final density. " 

I 

Since the radius of the sphere Is doubled, the final Yolume is 8 
times the original volume. 

' , y _ft/> -(l+a.91) _ir 91-] 

■ kp “81 
1 36A_1 
*8* 373“6* 


BYAMPT.P.R TCTCni 

« 

[III the following examples take a as ;•] 

1, Find the volumes at 0® 0. and pressure 76 cms. of mercury of 

(1) the air whose volume at pressure 80oms. and temp. 80® 0. 
is 100 cub. oms. 

(2) the air whose volume at 8 atmospheres and temp. 100® F. 
is 8 cub. ft. 


2. If a quantity of gas under a pressure of 67 ins. of mercury 
and at a temperature of 69® 0. occupy a volume of 9 cub. ins., what 
volume will it occupy under a pressure of 61 ins. of mercury and at a 
temperature of 16® C. ? 
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3. A mass of air at a temperatiixe of 89** 0. and a presaozo of 
32 ins. of mercury oooupira a Tolome of |8 oob. ina. What Tolome 
will it occupy at a temperature of 78** 0. under a presanre of 54 ina. of 
mercury? 

4, At the aeadevel the barometer standa at 750 mm. and the 
temperature ia 7°C.| while on the top of a mountain it atanda at 
400 mm. and the temperature ia 13^0.; compare the weighta of a 
cub. metre of air at the two placea. 


% 5. A cylinder containa two gaaea which are separated from each 
other by a movable piston. The gases are both at 0**0. and t^e 
volume of one gas is double that of the other. If the temperature of 

the first be raised t**, prove that the piston will move through a space 

Hat 

9+6ttt ’ ^ length of the cylinder, and a ia the coefficient 

of expansion p^r 1**G. 


1ft The radins of a sphere containing air ia doubled and the 
temperature raised from 0**G. to 456” 0. Shew that the pressure of 
the air is r^uced to one-third of its original value, the ooeffiolent of 
expansion of w per 1”0. being 

pV 

1^7. Find the value of — for a gramme of air supposing a centi¬ 
metre cube of air at 80° G. to be *001 gramme when the hei^t of 
the barometer is 76 oms., the density of mercury 18*696, and the 
numerical value of the acceleration of gravity 981, the expansion of 
air at a constant pressure from freezing to boiling point being from 
1 to 1*366. 


8. A piston accurately fits a cylinder and moves freely in it; 
initi^y it is placed in the middle of the cylinder and the ends are 
closed. The cylinder being placed vertically the distance of the 
piston from the top is J2 times its original distance. The tempera¬ 
ture in the two parts being raised to the absolute temperatures ^ 
and the piston goes back to the middle of the cylinder. Shew 
that &e original absolute temperature of the cylinder was 


W116. Pressures of a mixture of gases. It can be 
shewn experimentally that if two gases oooupy two vessels 
and be of the same temperature and pressure, and if they 
be mixed together, the pressure of the mixture is the same 
as before, provided that no chemical action takes place 
between the gases. 
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'imO. If the pressures of two gaaee of the %ame tempe- 
ratwro <md volwnw v*ho md the presswre of the 
mixtnjure of the two gaeee^ when the contbined volume w v, i« 
Pi’¥pttthe temperatwre being wnaltered. 

Change the Tolume of the second gas so that its pressure 

is pi. Its Tolume, by Boyle’s Law, is then —. 

Pi 

We thus have two volumes, e and , of different 

Pi 

gases each at pressure pi. 
liOt them be mixed together. 

By the experimental £ac^ of the pinevious article they 

form a mixture of volume v + v^ nt pressure pi. , 

Let the volume of the mixture be now changed to v 
and let the corresponding pressure be P. Then, by Boyle’s 
Law, we have 

i.e. F=^p+p^. 

1^117. Two volumeSf Vj a/nd of different gaeee a4 
different preeeuree^ p^ and p,, are mixed together and put 
into a vessel of volume V; find the resulting pressvrSf the 
teraperattrres being constant. 

Change the pressure of the second gas from Pa to pi; 
)^y Boyle’s Law its volume changes from v, to 

We thus have two gases, of volumes v^ and each of 

Pi 

pressure px. 

As before they form a mixture, of volume + 

, ft 

of pressure pi. 
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Lot tho volume of this mixture bo changed to V and in 
consequence the prossuro to F. Thcih, by Boyle’s Law, 

P. X =PiVi+PaV„ 

i.6. the required pressure 

_p,t>i + Paea 

V 

118. If, as in Art. 116, we had several gases, each of 
volume V, and of pressures pn p,, ... we should similarly 
have that tho pressure of the mixture, when of volume v, 
is f*l +P8 +P» ^ •••• 

This is known ai Dalton’s Law for the mixture of gases 
and may be put thus; If several gases are included in a 
given volume, the* pressure of each is the same as if the 
others wore absent, so that the pressure of tho mixture is 
tho sum of the pressures exerted by the separate gases. 

Bx. Massos m, m' of two gases iu which the ratios of the pressare 
to the density are respeotiTely k and k* arc mixed at the same 
temperature. Shew that the ratio of the pressure to the density in 
the mixture is 

mfc+m'ls' 

wi+m' 

9Kyir*ll9. Determination of heights by means of the 
barometer. 1/ the oUmosphere be (U rest and its temperature 
consiemtf then, if points be taken whose heights above the 
earth are in Arithineticai Progression, (the common difference 
bsMig smoll,) the pressures at these poiids are in q.p. 

Let i\, P., P„... be a series of points in a vertical 
line, and let 

OP^ = PiP*=P,P.=... = P,-iP, 
as )3, whore is small. 

Consider a column of air, of small horizontal section, whose 
axis is the straight line OPiP^.... 

* The student who is aoquainled with the Integral OaleuliiB may 
here refer to page 251. 
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The distance being small, we may consider any layers 
of this colnmn to }ie of constant density throughout; let 
the densities of the layers commencing from the bottom* 
be pi, Pa,..., and therefore their pressures kpi, 
which we may take to be the pressures at the points 

Of Pif .... 

The difference of the pressures on the faces at 0 and Pi 
supports the element OPi, Hence 

kpi — kp^ = ypi/J. 

So for the columns P%Ptf PtPa ••• wo have 

Apa — kji^ = ypa^, , 
kp^ — kp^ — 

hn-l-^Pn = 9Pn-iP> 

Hence pj = pj j^l - , 



Hence the densities pi, p^, p,, ..., and therefore the 
corresponding pressures, are in g.p. 

If p be the density just above we have similarly 

-fl-. 
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If we put n)3 = bo that p is the deimity at a heisht h 
above the ground, we have 





Let 


then 


nk z* 


ghz 





Now let n be increased indefinitely, h being kept con¬ 
stant, i.e. let the number of layers into which OP^ is divided 

be made infinite. 

« 

Then it is kno^n that 



where e is the base of the Napierian system of logarithms. 


•. p = Pi • fl * • 

This formula gives the density at a height A in terms of 
that at the surface of the earth. It has been obtained on 
the assumption that ff is constant; this is only true for a 
comparatively short distance from the earth's surface. The 
temperature is also supposed to be constant which will not 
be the case for any considerable difference in altitude. 


)6r’12lO. To find the difference in the dltitvde of two povnie 
hy means o/harometrie readings. ^ 

The formula of the preceding article gives 

p = Pi« * . 

Let H and Ei be the readings of a barometer at the two 
places; then 

E: p : pit by Boyle’s Law. 




i 
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k ' 

•*• * “ j logi § = j logu 5 * logi 10 
y y 

Hence the height in foot is obtained by mnltiplying the 
difference between the logarithms of the two barometric 

heights by -log^lO. 

Taking the value of ^ as found in Art. 108, Ex., g » 32*2 


and 


log. 10 = 


1 


1 


= 2*3026, 


logio« *43429 

the value of this constant, when feet are used, is about 
60200. 

« 

When C.G.S. units are used, we have found the value 
of ^ to be about 779741000. [Art 108.] 

Thus, since y = 981 in this system, the constant 

_ 779741000 X 2*3026 
" 981 

e 1830300 nearly. 


Ex. 1. Shew that a fall in the barometer from 76 to 75 erne, will 
oorrespond to a rise of about 105 metres, given 

logj^ess *48429, log^ 76=1*88081 and log„ 75=1*87606. 

Bx. a. If a change from 80 inches to 25 inches in the height of 
the barometer correeponds to an altitude of 4500 feet, shew that the 
altitude corresponding to the height 20 inohee of the barometer is 
about 10007 iMt. 


121. We now give some examples dealing with defeodve 
barometers. 
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Ex. 1. 10 evh. cfM. of air at atmotpherie pre»ture are tneatured 
off. When introduced irUo the vacuum of a barometer they depreee the 
mercury, which originally ttood at 76 entt., and occupy a volume of 
16 eu6. erne. What it the final height of the barometer f 

Let n denote the atmospheiio presaare. By Boyle’s Law we have 

final pressure of the air original volume _ 10 _ 2 
n ** final volume 16 8 * 

final pressure of the air=|II. 

The pressure above the column of mercury is now } of atmospheric 
pressure, so that the length of the column of mercury is only ^ of its 
original length and is therefore 25^ cm. 


Ex. 2. When the reading of the true barometer it 30 ine. the 
reading of a barometer, the tube of which contain* a email quantity 
of air whote length it then int., it 28 ine. If the reading of the 
true barometer fall to 29 int., prove that the reading of the faulty 
barometer will be 27^ int. 

At an atmospheric pressure of 80 ins. of mercury, let x ins. be 
the length of the column of air. When the length is 3^ ins., its 
pressure per square inch 


= — X atmospheric pressure = -^ . w. SO, 

where w is the weight of a cubic inch of mercury. 

Hence, for the equilibrium of the faulty barometer, we have 


. w. 80+w • 28=atmospheric pressure 
=10. 80. 


When the real barometer pressure is 29 ins., let the height of the 
faulty barometer be y ins., so that the pressure of the air per sq. incdi 




XX 80 

81*-y 


29=y + 


31*-y 

y: 


80=y + 

27 *, 


20 

94-8y’ 


the other solution of this equation, via. 88, being clearly inadmissible. 
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The reading$ of a faulty barometer in which there it tome 
air are a and b when the true recAingt are a and the true 

reading when the fauUy oarometer re^ e. 

Let the qaantity of air be enoh that it would ooonpy a length 
X of the barometer at an atmospherio presBure equal to h inohea of 
mercury. 

In the first ease the pressure of air is that due to a - a inohes, and 

thui ita length then®—by Doyle’s Law. 

a —a 

hx 

Thus the whole length of the barometer tube Is a +-. 

a —a 
hx 

Thus, in the second case, the ait is of length a + 
pressure is /3-b. 

Hence, by Boyle’s Law, J^=^hx, 

. {a-a){p-.h){a- b) 

•• (a-«)-05-b) 

In the third case, if y be the true height, the length of the air is 
hx 

a+- c, and its pressure y-e. 


after reduction. 


{y~c)isthx, 
hx 


y=c + - 


a-c+- 




=c + 


{a-a){p-b){a-b) 

{a-e){a-a)-{b-c){fi-b)* 


EXAMPLES. XXIV. 

1, Why does a small quantity of air introduced into the upper 
part of a barometer tube depress the mercury oonaiderably, whilst a 
small portion of iron floating on Die mereuiy hardly depresses it 
at all? 

A barometer stands at 80 ins. The Tacuum above the 
mercury is perfbet, and the area of the croBS-seotion of the tube is 
a quarter of a sq. in. If a quarter of a enb. in. of the external air 
be allowed to get into the barometer, and the mercury then fall 
4 ins., what was the volame of the original vaonum? 

L.H. 


6 
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8. A bubble of air haviog a volume of 1 oub. in. at a pressure 
of 80 ins. of mercury escapes up a barometer tube, whose cross-section 
is 1 sq. in. and whose vacuum is 1 in. lOng. How much will the 
mercury descend? 

4. The top of a uniform barometer tube is S3 iUS. above the 
miurcury in the tank, but on account of air in the tube (he barometer 
registers 28*6 ins. when the atmospheric pressure is equivalent to that 
of 29 in. of mercury. What will be the true height of the barometer 
when the height registered is 29*48 ins.? 

5. The top of a uniform barometer tube Is 86 ins. above the 
surface of the mercury in the tank. In consequence of the pressure 
of air above the mercury the barometer reads 27 ins. when it should 
read 28*6 ins. What will be the true height when the rea^g of the 
barometer is 80 ins. ? 

6. The readings of a true barometer and of a barometer which 
contains a small quantity of air in the upper portion of the tube are 
respectively 80 and 28 ins. When both barometers are placed under 
the receiver pf an air-pump from which the air is partiidly exhausted, 
the readings are obBecred to be 16 and 14*6 ins. respectively. 

Prove that the length of the tube of the faulty barometer measured 
from the surface of the mercury in the basin is 81'85 ins. 

7. The two limbs of a Marriotte's tube are graduated In inches. 
The mercury in the shorter tube stands at the graduation 4, and 
6 ins. of air are enclosed above it. The mercury in the other limb 
stands at the graduation 38, and the barometer at the time indicates 
a pressure of 29*6 ins. Find to what pressure the 6 Las. of air are 
subjected, and also the length of the tube they would occupy under 
barometric pressure alone. 

8. A U ^be of uniform bore, closed at one end and with vertical 
arms, contains mercury at the same level in both arms. If mercury 
sufficient to fill 8 inches of the tube be poured in, the level of the 
mercury in the closed arm is raised one inch, and, if a further 
quantity sufficient to fill 11 inches be added, the level Is raised 
another inch. Find the hei^t of the mercury barometer. 

9. The space above the mercury in a barometer contains some 
air, and the barometer reads 700 mm. when a standard barometer 
reads 762 mm. Find in grammes weight per sq. cm. the pressure of 
the enclosed air. [Sp. gr. of mercury a 18*696.] 

10. If a barometer consisting of a uniform bent tube have an 
imperfect vacuum, and if the apparent reading be 81 inches when 
the tone reading is 82 inches, and the length of the vacuum then be 
one inch, find the true reading when the apparent reading la 294 

the tem^atuxe being unaltoed. 
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11. When the trne barometrio height ie 80 inohee, the meroury 
etan^ at 29'6 in a barometer with a defective vaoaiim. What fraction 
of the Bpaoe above the mef onxy would the air fill if it were compressed 
to atmospheric pressure? 

1512, A b&rometer stands at 80 inches, and the space occupied by 
the Torricellian vacuum is then 2 inches; If now a bubble of air 
which would at atmospheric pressure occupy half an inc^ of the tube 
be introduced into it, shew that the surface of the meroury in the 
tube will be lowered 8 inches. Shew also that the height of a correct 
barometwi when the inooneot one etands at s inchee, iB 

' 13. A barometer with an imperfect vacuum stands at 29*8 and 

29-4 inches when a correct barometer indicated 80*4 and 29*8 inches 
respectively; when the faulty barometer stands at 29, shew that the 
true atmospheric pressure is 20*8 inches. 

14., The height of the Torricellian vacuum in a h&iometer is 
a inches, and the instrument indicates a pressure of h inches of 
mercury when the true reading is e inches. U the faulty readings 
are due to an imperfect vacuum, prove that the true reading 

oorreq>onding to amarant raading of 4 inohei is d + . 


6-a 



152 


CHAPTER VIIL 

MACHINES AND INSTKUMENTS ILLUSTRATING THE 
PROPERTIES OF FLUIDS. 

^122. DlVing Bell. This machine consists of a heavy 
hollow cylindrical, or bell-shaped, vessel constructed of 
metal and open at its lower end. It is heavy enough to 
m’nk under jts own weight, carrying down with it the air 
which it contains. Its use is to enable divers to go to the 
bottom of deep water and to perform there what operations 
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thej wish, llie bell is lowered into the water bj means of 
a chain attached to ita« upper end. 

As the bell sinks into the water the pressure of the 
contained air, which is always equal to that of the water 
with which it is in contact, gradually increases. The 
volume of the contained air, by Boyle’s Law, therefore 
gradually diminishes and the water will rise within the bell. 

To overcome this compression of the air, a tube com¬ 
municates from the upper surface of the bell to the surface 
of the water, and by this tube pure air is forced down into 
the bell, so that the surface of the water inside it is always 
kept at any desired level. ^ A second tube leads from the 
bell to the surface of the water so that the vitiated air 
may be removed. 

The tension of the chain which supportc the bell is 
equal to the weight of the bell less the weight of the 
quantity of water that it displaces. If no additional air 
be pumped in as the bell descendl^ the air becomes more 
and more compressed, and therefore the amount of water 
displaced continually diminishes. Hence, in this case, the 
tension of the chain becomes greater and greater. 

A diving hell ts lowered into water of given 

dmsil/y. If m air be supplied firm above^ find 

(1) the compression of the air at a given depth a, 

f 

(2) the tension of the chain at this depths cmd 

(3) the amowni of air at atmospheric pressure that 
must he forced in so that at this d^th the water may not 
rise within the heU. 

(1) Let h be the height of the bell. At a depth a, let 
as be the length of the bell occupied by the air, and let h be 
the height of the water barometer in atmospheric air. 
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Let n be the pressure of the atmosphere, n' the 
pressure of the air inside the bell, and the weight of a 
unit Tolume of water, 

.so that n = ioA, 

and n , & = n'. by Boyle’s Law. 

Hence H' -1 ^ 



Now the proBBure of the air and the water at their oom- 
mon surface inside the bell must be equal for equilibrium. 

n' = pressure at C U’(a: + a) + n 
= w (a; + a + A). 

Equating these two values of EE', we have 

u;~::=fc(as + a+A), 

so that a^+(a +A)a;—AA = 0. 

This is a quadratic equation having one posilsve and 
one negative root The positive root is the one we require. 
The compression of the air inside the bell is then h — as, 

(2) If .4 be the area of the section of the bell, the 
amount of water displaced is A , x and its weight is there¬ 
fore toAx. Hence, if IT be the weight of the bell, the 
tension of the chain 
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To make this result quite accurate, the weight of the 
contained air shouldabe added to this result; but this 
weight is quite infinitesimal compared with the weight of' 
the diving-bell. 

I 

(3) Let F be the volume of the diving beU, and V the 
volume of atmospheric air that must be forced in to keep 
the water level at Z>. 


In this case the pressure of the air within the bell , 

= pressure of the water at D 
= «> (6 + a) + n =» w (a + 6 + A). 

Hence a volume (F+sF) at atmospheric pressure II 
(i.e: wh) must occupy a volume F at pressure w (a+5+A). 


Therefore, by Boyle^s Law, • 

(F+r)A=:F(a + 6 + A). 





, giving the required volume. 


124. Bx. 1. A cylindrical dicing hell weight 2 tone and hat an 
internal capacity of 200 cubic feett while the volume of the material com- 
poting it it 20 cubic feet. The ^ll it made to gink by attached weights. 
At what depth may the weightt be removed and the Ml jutt not atcend, 
the height of the water barometer being 2!^ feet f 


Let« be the required depth, bo that the pressure of the air eon- 
tained =sw (:b+ 83), where w is the weight of a oubio foot of water. 

The volume of the air then x w (a+88) 

=200 X te. 33, by Boyle’s Law. 

Eenoe the volume of the water displaced (in oubie feet) 


^ 20 ^ 

^ »+38 

Also the weight of this water must be 2 tons. 


A 2x22^=^20+ 


200 x 88 Y 
0+83 / 


and thus 0=94 ft. 
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N.B. In this example the difference between the pregsore of the 
water in contact with the air inside the bell and the presiiire of the 
water at the bottom of the bell has been nef;leoted. 

Ex. 2. In the diving-bell of Art, 123 a eoda-water bottle is (^aened^ 
which in the external air would liberate a volume V of gas; shew that 

whV 

the tension of the rope is diminished by ■ . .. , where squares 

v'(a+*)>+4bfc 

V 

of -r, are negleeted. 
hA 


As in Art. 123, we have 

When the bottle has been opened, let x become x+y. The 
original volume of the gag and air inside the bell would at pres- 

Y 

sure h occupy a length b+j of the belL Hence, by Boyle's Law, 

(a!+y)(3;+y+a+fc) = ^6+?j h .(2). 

Subtracting (1) from (2), we have 

y[y+2aj+a-l-h]=^.(3). 

Vh 

Since is small, it follows from this equation that y is small, 

and thus the square of y may be neglected. Hence (3) may be 
written 

tl2x+a+h]=~ .„.,.(4). 


Now the original tension of the chain s^W-A.x.w, 
and the final tension =zW-A{x+y)w. 

decrease in the tension 

. Vwh . ... 


Vwh 


y/{a+h)^+ihb 


, from (1). 


EXAMPLES. XXV. 

1. A cylindrical diving bell, whose lieight is 6 feet, fa let down 
till its top is at a depth of 80 feet; find the pressure of the contained 
air, the height of the water barometer being 88} feet. 
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2. How far mast a dicing bell desoend so that the bdghi of a 
barometer within it may change from 30 to 31 inohes, Mtc nming tlie 
sp. gr. of moroury to be and the bell to be kept foU of air? 

8. If the mercary in the barometer within a diring bell were to 
rise 12^ inohes, at what depth below the surfaoe would the diving bell 
be? <Bp. gr. of meroiiry=13‘6). 

4. A oylindrioal diving bell, whose height is 9 feet, is lowered 
till the level of the water in the bell is 17 feet below the surfaoe. The 
height of the water barometer being 34 feet, find the depth of the 
bottom of the bell. If the area of the seotion of the bell be 25 square 
feet, find how much air at atmospherio pressure must be pumped 
into the bell to drive out all the water, 

5. A diving bell having a capacity of 126 oubio feet is sunk in 
salt water to a depth of 100 feet. If the sp. gr. of salt water be 1*02 

and the height of the water barometer be 34 feet, find the total 
quantity of air at atmospherio nressure that is reduired to fill the 
bell. 


6. The bottom of a oylindrioal diving bell is at rest at 17 feet 
below the snrfaoe of water, and the water is completely excluded by 
air pumped in from above. Oompare the mass of air now in the bell 
with that whioh it would ountain at the atmospherio pressure, the 
water barometer standing at 84 feet. 

7. A oylindrioal diving bell, 10 feet high, is sunk to a certain 
depth, and the water is observed to rise 2 feet in the bell. As much 
air is then pumped in as would fill ^^ths of the bell at atmospheric 
pressure, and the surface of the water in the beU sinks one foot. 
Find the depth of the top of the bell and the height of the water 
barometer. 

8. The height of the water barometer being 83 feet 9 inohes and 
the sp. gr. of mercury 13*6, find at what height a common barometer 
will stand in a oylindrioal ^ving bell whioh is lowered till the water 
fills one-tenth of the bell. How far will the surface of the water in 
the bell be below the external surfaoe of the water ? 

9. A diving bell is lowered into water at a uniform rate, and air is 
supplied to it by a force pump so as just to keep the bell full without 
allowing any air to escape. How must the quantity, i.e. mass, of air 
supplied per seoond vary as the beU descends ? 

% 10. A oylindrioal diving bell of height ^ is sunk into water tiU its 

lower end is at a depth nh below the surface; if the water fill ^th of 
the bell, prove that the bell contains air whose volume at atmospherio 

pressure would be ^ where F is the volume of the bell 

and h is the height of the water barometer, 
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11. A gylindrioal diving bell is lowered in water and it is 
abserved that the depth of the top when the water fills ^ of the inside 
A 8^ times the depth when the water fiKs j of the inside; prove that 
the bd^t of the oylinder is | of the height of the water barometer. 

12. A small hole is made in the top of a diving bell; will the 
water flow in or will the air flow oat? 

13. A small piece of wood floats half immersed in water; how 
much of it will be immersed in the water inside a diving bell, 10 feet 
hie^ and 8 feet in diameter, which is lowered tiU its top is 47 feet 
below the sorface of the water, the height of the water barometer 
being 84 feet and the sp. gr. of air at atmospheric piessiire being v? 

14. A oonioal diving bell, of which the axis is of length 16 feet, 
is let down into water, and it is found that when the vertex is 33| feet 
below the surface the water has risen within the bell to a height of 
4 feet. Find the height of the water barometer. 

15. A cylindrica), diving bell is lowered to such a depth that the 
confined air oocnpies two-thirds of its interior; half as much air 
again is now pumped into the bell. How much further mast the bell 
descend before it is half full of water? 

16. A diving bell, whose height is b feet, contains a mercury 
barometer, whose height is h inches, when the bell is above the surface 
of the water, and h* inches when it is below; to what height is the 
top of the beU submerged when its shape is (1) conical, and (2) cylin¬ 
drical? 


17. An open vessel, whose density is greater than that of water, 
is poshed with its mouth downwards into water; after a certain depth 
has been reached, shew that the equilibrium will be unstaUe. 

18. A oylindrioal diving bell, of height a, is lowered till its t<^ 
is at a depth h below the surface of the water. If the bell now 
half-full of water, and air be pumped in till all the water is expelled, 
prove that the bell must be lowered a further distance 4tH-2h before 
the bell is again half-full of water, H being the height of the water 
barometer. 

m 

19. A oylindrioal diving bell, of hdght 10 feet and internal 
radius 3 feet, is immersed in water so that the depth of the top is 
100 feet. ]^ve that, if the temperature of the air in the bell be now 
lowered from 20^ 0. to 16° 0. and if 30 feet be the height of the water 
barometer at that time, the tension of the chain is increased by abont 
67 lbs. 
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ZXV. 

**20. ^ eylindrieol diving beU, ufhote erou t^tion is of area 
is suspended in water with its top at a distance a below the surfaeef 
the air inside the bell the^ occupying a length b of the bell. A man, 
of volume Aa and sp. gr. s, who has been sitting on a platform inside 
the bellf falls into the enclosed water and fioats. Shew that (1) the 
level of the water inside the bell rises, but that (2) the amount of water 
inside the bell is less than before. 

Find also the change in the tension of the supporting chain. 

[The weight of the air displaced by the man may be neglected.] 

(1) The Tolnme of the air in the bell initially=il (b - a). 

If 5 - /9 be the length of the bell occupied by the air finally, the 
volunie of the air then 

(b - /3) - portion of the man above the water 

=iA (b > fi) - (Aa - Asa), since Asa is the volume of the water displaced 
by tne man, 

\ 

=A (b - fi- a+as), 

Henoe if 11', II" be the pressures of the air initially and fiua"~ ~ 
have, by Boyle’s Law, • 

A(b-a)xn'=A(b^/3-a+as)x U". 

But, as in Art. 123, 

n'=ti>(b+o+b) and II"=w (b-/3+a + b), 
where h is the height of the watex; barometer. 

Henoe 

(b — tt) [b+a+b) — (b — /S — ft+ft*) (b — /3+a+ h), 

/fi~0[2b+a + h-a + as] + a8(b+a+h)=sO....„..,(^). 

This is a quadratic equation for 0. Its second term is ol ledj 
negative, and its third term is positive. Henoe its roots are posfjti^ 

Thus/3 is positive. . 

Hence the level of the water rises. 

(2) If JET be the total height of the bell, the amount of water in 
it initially=A (H - b). 

The amount finally 

=A [H - (b - ^)] - amount of water displaced by the man 
ssA [H^b+0J-Aas. 

Thus amount of water initially-amount finally 

sbAos-A/Ss - A (/3-as) »Mf eaeaMeMaMetaaa* (2). 

Sat eqoation (1) can be written 

(fi-as)(fi-2b~a-~k+a)=as(b-a). 
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The second factor on the left-hand side is clearly negatiTC, and 
the right-hand side is positive; 

/S-Of is negative. J 

Hence the right-hand side of (2) is positive. 

Hence initially the amount of the water in the bell is greater than 
the final amount. 

(8) Tension of the chain initially 

=wt. of the bell-f-wt. of the man - wt. of the water displaced 
siW-V Aomw - Aha, 

Tension of the chain finally = W-A{h-^a, 

Initial tension - final tension 

»(os-/3)=positive, as in (2). 

The tension of the chain is therefore diminished. 


21, A diving bell is immersed in water so that its top is at a 
depth a below thh surface, the height of the air within the bell being 
then X and the height of the water barometer being h. If a bucket 
of water, of small weight be now drawn up into the bell, prove 


that the tension of thf) chain is increased by 


W.x 


+ 2® 


approximately. 


^22. If a cylindrical diving bell, of height a and of such internal 
volume that it would contain a weight W of water, be lowered so that 
the depth of its highest point is d, prove that, when the temperature 
is raised firom t? 0. to G., the tension of the supporting chain is 

diminished by nearly, h being the height of 

l + ^(h+d)^+4ah 

the water barometer and 


23. If a diving bell in the shape of a cone, of height a, be lowered 
tiU its vertex is at a depth d, prove that the height x of the part of 
the bell occupied by the air is given by the equation +x* (At+d)=a’ii, 
where h is the height of the water barometer. 

If the temperature of the air inside be now raised from to 
{T+ty*, prove that the tension of the supporting chain is diminished 
SathW 

by =-i- where W is the weight of the water the cone would 

•'3fc+3d-f4®* 

contain, and a Is the coefficient of expansion, the squares of a being 
neglected. 


24. A cylindrical diving bell, of height b, is immersed in water 
with its highest point at a depth a below the surface; if the barometer 
rises so that the increase of the pressure on its top is P, shew that 
the alteration in the tension of the chain is approximately 

?[■ 

where h is the height of the water barometer. 


a + h 


tj(a + h)^+i.bh 


■ 
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125. Syrlnga The simplest form of the pump is 
seen in an ordinary, syringe. 


It consists of a hollow cylinder AB bX 
whose end is a nozzle C, Within this 
cylinder there works an air-tight piston. 
The end of the syringe G is placed under 
the surface of a liquid and the piston 
raised; the pressure of the air forces the 
liquid up into the cylinder to fill the 
vacuum which would otherwise be formed 

below the piston. 

When sufficient liquid ^as been raised 
the syringe is taken out, and the liquid 
ejected again through the nozzle G hj 
reversing the motion of the piston. 



126. The principle of all pumps is that of suction. 
A partial vacuum is created and the atmospheric pressure 
forces the liquid in to fill up this partial vacuum. This 
principle was by the older philosophers expressed by 
saying that No^utre ahhors a vacuum. It was later found 
that this abhorrence extended in the case of water to a 
height of not more than about 34 feet. 


127. Valves are used in suction pumps and in the 
construction of air pumps. 

They are made so as to allow water, air, dec. to pass 
through the holes, which they close, in one direction but 
not in the other; but there is always some leakage even 
with the best valves. 

In an ordinary pair of bellows the valve is a leather 
flap closing a circular hole; this allows air to enter when 
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the bellows is being expanded; when the bellows are 
compressed the leather is pressed dow,n tightly on the hole^ 
and the air cannotvpass out. 

The valves N and F in* Art. 128 are generally circular 
discs of metal turning round a hinge at their edgea In 
the case of the air-pumps, the valves usually consist of a 
portion, of oiled silk^ secured at both ends to a plate Of 
brass in which is a narrow slit through which the air passes. 
The silk is adjusted so that its central part is over the slit. 
When the pressure on the far side of the plate is the 
greater, the silk lifts, and air passes in. When the pressure 
on the near side is the greater, the silk is pressed tightly 
down over the slit, and the latter becomes air-tight. 

Another valve is shewn at ^ in Art. 146; it consists of 
a metal ball which accurately fits a circular hole; this is 
lifted when the pressure below exceeds that above. 

Theoretically a valve should lift when there is any 
excess of pressure on one side; practically in any valves 
there must be a small excess of pressure before it will lift. 

^ 128. The Common or Suction Pomp. This 
pump consists of two cylinders, AB and BC^ the upper 
cylinder being of larger sectional area than the lower, and 
the lower cylinder being long and terminating beneath the 
surface of the water which is to be raised. 

Inside |he upper cylinder works a vertical rod termi¬ 
nating in a piston DE, fitted with a valve F which only 
ope/M upwa/rds. 

This piston can move vertically from .S to X where 
the jspout of the pump is. At B^ the junction of the 
two cylinders, there is a valve N which oAco only op&M 
upwardo. 
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Tlie rod is worked by a lever OHKf stiaighb or bent. 
• ^ 

H being the fulcrum and K the end at which the force is 
applied. 


\In this figure^ cmd so also in later 
articleSf the drawing of the open valveSf 
such 08 the one at is diagrammatic 
only; the cbrawing is so made that the 
Student may more easily understand 
the working of the machine^ amd realise 
which valves are open^ and wkwh are 
shutf at a given instant.] 


Action of the Pump. Suppose the piston to be at the 
lower extremity of the upper cylinder and that the water 
has not risen inside the lower cylinder. 

By a vertical force implied at K the piston DE is raised, 
the valve F therefore remaining closed. The air between 
the piston and the valve N becomes rarefied and its 
pressure therefore less than that of the air in BC, 

The valve N therefore rises and air goes from BC into 
the upper cylinder. The air in BG in turn becomes rare¬ 
fied, its pressure becomes less than atmospheric pressure, 
and water from the reservoir rises into the cylinder CB. 

When the piston reaches L its motion is reversed. The 
air between it and N becomes compressed and shuts down 
the valve N, When this air has been compressed, so that 
its pressure is greater than that of the atmosphere^ it 
pushes the valve F upwards and escapes. This continues 
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till the piston is at ^ when the first complete stroke is 
finished. ^ 

Other complete strokes follow, the water rising higher 
and higher in the cylinder CB until its level comes above 
Bf provided that the height CB be less than the height of 
the water barometer. This is the one absolutely essential 
condition for the working of the pump. 

[In practice, on account of nnavoidable leakage at the valves, the 
height CB must be a few feet less than the height of the water 
barometer.] 

At the next stroke of the piston some water is raised 
above it and flows out through the spout LM. At the 
same time the' water below the piston will follow it up to 
L, provided the height CL be less than that of the water 

barometer. 

ft 

[If this latter condition be not satisfied the water will rise only to 
some point £ between B and L and in the succeeding strokes only 
the amount of water occupying the distance BP wUl be raised.] 

129. The two cylinders spoken of in the previous 
article may be replaced by one cylinder provided that a 
valve, opening upwards, be placed somewhat below the 
lowest point of the range of the piston. 

The lower cylinder need not be straight but may be of 
any shape whatever, provided that the height of its upper 
end B above the level of the water be less than the height 
of the water barometer. 

The height of the water barometer being usually about 
33 feet, the lowest point of the range of the piston must be 
at a somewhat less height than this above the reservoir so 
that the pump may work. 

130. Tension of the Piston rod. 

Let A be the area of the piston, h the height of the water 
barometer, and to the weight of a unit volume of water. 
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The tension of the piston rod mast overcome the differ¬ 
ence of the pressu^s on the upper and lower surfaces of 
the piston. 

Firsts let the water not have risen to the point ^ but. 
let its level be Q, 

The pressure of the air above Q 

— pressure of the water at Q 
= pressure at (7 - tc . CQ^wiJi,- CQ), 

The pressure on the lower surface of the piston there¬ 
fore equals Axw{h — CQ) and that on the upper is equal 
to X wh, IlencOj if T be^the required tension, we have 

T + A. w.{h — CQ) = A. w.h, 

T=A XU), CQ. f 

Secondlyf let the water have risen to a point P which 
is above the valve N, 

The pressure at a point on the upper surface of the 
piston 

= to. DP + wh=‘U){h + DP). 

The pressure at a point on the lower surface 
= loA - to. CD =s to (4 “ CD). 

Hence we have 

T-^A.u){h--CD):=A.u}(h + DP), 
T^A.w.CP. 

Hence, in both cases, the tension qf the rod is eqtial to 
the weight of a column of water, whose sectional area is equal 
to that of the ^ton, and whose height is equal to the distance 
between the levels qf the water ujithin amd without the 
pwm^. 
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181. •To find the diatame through which (he water is 
raited during the nth stroke (ff the pinion. 




With the figure end notation of Art. 128, let Xn-i be 
the point the water has reached at the beginning of the 
nth stroke^ and the point at the end of this stroke, 
liot ~ and CH% ~ 

Let BL - If and let the length CB of the pipe =; e. 

Let A be the area of the section of the barrel BL^ and 
a that of the pipe CB. 

When the snrfaoe of the water is at Xu.! and the piston 
at Bf let n' be the pressure of the air above X,|.ii and n 
that of the external air. 

(!)• 


.*• n B n'(Art. 31). 
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When the surface of the water is at and the piston 
at Lf let n" be the pressure of the air aboye X^\ then 

n = n" + wa?,.(2). 

Now at the beginning of the stroke the air inside the 
pump occupied the length X^^xB of the pipe and its yolume 
was therefore a x {.s. a (c — 

At the end of the stroke this same air occupied the 
length XJB of the pipe and the length BL of the barrel, so 
that its volume was then 

a X X^B + A X BLf 

o(c —a^) + -4 X 

Hence, by Boyle’s Law, we have 

n' X {a (c - - n"{a (c - «„*) + Alj .(3). 

Hence, by (1) and (2), 

(n - X o (fl - = (n - ina;„){o (c - as,) + 4/}. 

But, if A be the height of the water barometer, n =ti;A, 
and hence 

o (^ - ®»-i) (« - ®»-i) = (A - »») {a (c - »•) + 4i}...(4). 

This is a quadratic equation to give when x^^^i is 
known. 

Giving n in succession the values 1, 2, 3,... we have 
the heights to which the surface of the water has risen at 
the end of the let, 2nd, 3rd... strokes (since 07, = height of 
the water above 0 at the beginning of the first stroke = 0), 
given by the equations 

dhc^(h—x^ {a (c - a^) + Al], 
a (A - a^) (c - »i) = (A - as,) {o (c - flib) + -4^, 
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132. If the nth stroke be the last complete stroke 
that is made before the water entprs the barrel, the pre¬ 
ceding article must be slightly modified. 

At the end of the (n + l)th stroke, let the height of the 
surface of the water above B he y. Then the equations 


(1) and (2) of the last ailiicle become 

n » n' + wXft .(1) 

n = ir.f io(c-i-y).(2). 


Also the volume a (c - of air has expanded to the 
volume A (BL — y), 

i.e. A {I-y). 

Hence, by Boyle’s Law, 

n" X -4 (Z - y) = n' X a (c - ; 

[n - to (c + y)] X 4 (2 - y) = (11 ~ x a (c — ac*), 
i.o. -4 (A - c - y) (2 - y) = a (A - »,) (c - *«), 
an equation to give y. 

At the next stroke the water passes out at L, 

133. Ex. 1. If the barrel of a common pump he 18 inehet long 
and ite lower end 21 feet above tlie eurface of the tvater, and if the 
tection of the pipe be ^the of that of the barrel^ find the height of the 
water in the pipe at the end of the first stroke, assuming the height of 
the water barometer to be ftifeet. 

Let A and -A A be the areas of the sections of the barrel and pipe 
respeotWely, and let x feet be the required height. The original 

Tolume of the air in die pump=f ^ .d x 21 j cub. ft. = oub. ft. At 

the end of the first up stroke the volume 

= ^Ax(21-«)-i-4x|=a[^6-^J, 

Its pressure then, by Boyle’s Law, 


94 
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where n is the external atmospheric pressnre. Hence a column x of 
water is supported, the pressure at me bottom being II and that at 
21 

the top being n sq — ■ 

M — X 

XT 31 
28-» 

But n=to.82. 

/. (32-ar)(28-«)=:21x82. 

A 60a;+22430. 

A X3 4feet. 

Ex. 3. If the barrel of a common pump 50 2 feet Umg^ and its 
lower end be 26 feet above the surface^ and if the area of the section of 
the barrel be 6 times that of the pump, find in how many strokes the 
water will reach the barrel, thefieight of the water*barometer being 
32 feet. 

Here Z32, £326; A=Ba\ h=91l. 

Henoe che equation (4) of Art. 181 becomes 

(82 - (26 - = (32 - xj [26 - x„+6 x 2] 

3(32-*J(88-xJ. 

Honoe a;,|3X,i-j+6. 

[The other root would be found to be 64~Xn-i, which is clearly 
inadmissible.] 

How X(,~ht. at oommeucoment of the working 3 0. 

Xj 3X0+636; x,3Xj+63l2. 

So x,3l8, x^=24, Xs=30, which is greater than the length of 
the pipe. 

Henoe the water at the end of the fifth stroke has reached the 
barrel. 

Thus at the end of the sixth stroke it will flow out of the spout. 

^ 134. Lifting Pump. This is a modification of the 
common pump. The top of the pump-barrel is in this case 
closed and the piston rod works through a tight collar 
which will allow neither air nor water to pass. % 
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The spoat is made of smaller section than in the 
common pump; instead of taming down¬ 
wards it turns up and conducts the water 
through a vertical pipe to the height 
required. 

The spout is famished at E with a 
valve which opens outwards. 

As the piston rises this valve opens 
and the water enters the spout. When 
the piston descends this valve closes and 
opens again at the next upward stroke. 

p 

By this process the water can be lifted 
to a great height provided the pump be 
strong enough. 

* 135. Forcing Pump. In this pump the piston DE 
is BoHd and has no valve. The lower barrel BC has a valve 
at B opening upward as in the common pump. 

There is a second valve F at the bottom of the upper 
barrel opening outward and leading to a vertical pipe GH. 

In its descending stroke the piston drives the air 
through and in its ascending stroke the valve F is 
closed, N is opened, and the water rises in CB as in the 
common pump. 

When the level of the water is above B the piston in 
its descending stroke drives the water through F up into 
the tube GH, In the ascending stroke of the piston the 
valve F closes and prevents the water in OH from return¬ 
ing. 

In this manner after a succession of strokes the water 
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is raised to a height which depends only on the pressuro 
on the piston and the strength of the pomp. 




The flow in the forcing pump as just described will be 
intermittenti the water only flowing during the downward 
stroke of the piston. 

To obtain a continuous stream the pipe from P leads 
into another chamber partially filled with air. From t^ 
chamber a tube LM^ whose end is well below the air in the 
chamber, leads up to the height required. 

When the piston DE is on its downward stroke the air 
in this chamber is being compressed at the same time that 
water is being forced up the tube LM, 

When the piston is on its upward stroke and the valye 
F therefore closed, this air being no longer subjected to the 
pressure caused by the piston endeavours to recover its 
original volume. In so doing it keeps up a continuous 
pressure on the water in the air chamber and forces this 
water up the tube, thus keeping up a continuous flow. 

136. Fire-engine. The manual” fire-engine is es¬ 
sentially a forcing pump with an air chamber. 
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There are however two barrels AB and A*B each con¬ 
necting with the air vessel, and two pistons, ]) and D\ one 
of which goes down whilst the other 'goes up. 



The ends T and T of the piston rods are attached to 
the ends of a bar TMT^ which can turn about a fixed 

a 

fulorum at M. 

A practically constant stream is thus obtained; for the 
air chamber maintains the flow at the instants when the 
pistons reverse their motion. 


EXAMPLES. XXVL 

1, The height of the barometer oolamn varies from 28 to 81 
inches. What is the corresponding variation in the height to which 
water can be raised by the common pump, assuming the sp. gr. of 
merouzy to be 13*6? 

2. If the water barometer stand at 88 ft. 8 ins. and if a common 
pump is to be used to raise petroleum from an oil-well, find the 
greatest height at which the lower valve of the pump can be placed 
above the surface of the oil in the well. The sp. gr. of petroleum 
is *8. 


3. A tank on the sea-shore is filled by the tide whose sp. gr. is 
1*026. It is desired to empty it at low tide by means of a common 
p|^p whose lower valve is on the same level as the top of toe tank. 
Find the neatest depth which the tank can have so that this may be 
possible men the water barometer stands at 34 ft. 2 ins. 
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4. One foot of the burrel of a pump oontains 1 gallon (10 lbs.). 
At each stroke the piston works through 4 inches. The spout is 
24 feet above the surface of the water in the well; how many loot- 
pounds of work are done per stroke? 

5. If the fixed valve of a pump be 29 feet above the surface of 
the water, and the piston, the entire length of whose stroke is 6 inches, 
be when at the lowest point of its stroke *4 inohes from the fixed 
valve, find whether the water will reach the pump barrel, the height 
of tire water barometer being 82 feet. 

6. If the length of the lower pipe of a common pump above the 
surface of the water be 16 feet and the area of the barrel of the pump 
16 times that of the pipe, find the length of the stroke so that the 
water may just rise into the barrel at the end of the first stroke, the 
water barometer standing at 82 feet. If the length of the stroke of 
the piston be one foot, find the height to which the water will rise at 
the end of the first stroke. 

7. A lift pump is employe^ to raise water thibugh a vertical 
height of 200 feet. If the area of the pistoxr be 100 square inohes, 
what is the greatest force, in addition to its own weight, that will be 
required to lift the piston? 

8. The area of the piston in a force pump is 10 square inches 
and the water is raised to a height of 60 feet abo^e the piston. 

£'ind the force required to work the piston. 

9. A forcing pump, the diameter of whose piston is 6 inches, is 
employed to raise water from a well to a tank. If the bottom of the 
piston be 20 feet above the surface of the water in the well and 
100 feet below that of the water in the tank, find the least force to 
(1) raise, (2) depress the piston, the friction and weights of the valves 
being n^leoted, and the height of the water barometer being 32 feet. 

10. Find the work done in eaoh stroke of a common pump after 
the water has risen to the spout. 

11. A force pump is used to sock water from a depth of 4 metres 
and drive it to a height of 60 metres; if the diameter of the plunger 
be 20 cms., find the force on the piston rod both in the backward and 
forward strokes. 

12. The cylinder and barrel of a common pump have the same 
sectional area. If the level of the water in the cylinder is raised 
through the same distance in each of the first two strokes of the 
piston, prove that the height of the water barometer is the arithmetio 
mean between the greatest and least distanoes of the piston from the 
surface of the water in the well. 

13. The lower valve of a common pump is 10 feet above the 
water, and the area of the barrel is five times that of the pipe leading 
to the well; if the height of the water barometer be 84 feet and the 
water just rise up to the level of the lower valve at the end of the first 
stroke, find the diitanoe through which the piston moves. 
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14. The lower ^ve of a pnmp is at a height of 28 feet above the 
water in the well, and the whole length of the stroke of the piston is 
9 inches, and when &e piston is at its lowest point it is 8 in<mes from 
the lower valve; will the water ever rise' into the pump-barrel, the 
height of the water-barometer being 84 feet? What is the greatest 
hei^t to which &e whter wiU rise f 

[When the piston does not go qnite home to the valve at the 
bottom of the barrel, it is thus seen that the depth from which water 
can be raised is lessened.] 

15. In the common pump, shew that the water will rise into the 
upper cylinder at the end of the second stroke, if 

where e, 1 are the lengths of the lower and upper cylinder, n is the 
ratio of the area of the cross-seotion of the latter to that of the former, 
and h is the heviht of the water barometer. 

137. Air-pumps form another class of machines. 
Their use is to pump the air out of a vessel in which a 
vacuum is desired. 

Smeaton’s Air-Pump. This Pump consists of a 
cylinder CM having valves opening upwards at C and 
within which there works a piston I) having a valve which 
also opens upwards. 



The valves must be very carefully constructed to be as 
air-tight as possible. 

The lower end M is connected by a pipe with the vessel, 
or receiver, A, which is to be emptied of air. 
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Suppose the working to commence with the piston at B. 
Tiie piston is raised and a partial vacuum thus formed 
between it and B ; the pressure of the air below B opens 
the valve at B and air from the receiver ‘follows the piston. 

At the came time the air above D becomes condensed, 
opens the valve at G, and passes out into the atmosphere. 

When the piston is at (7 its motion is reversed; the 
air between it and B becomes compressed, shuts the valve 
B, and opens the valve at D, The air that was between 
the piston and B therefore passes through the piston valve 
and occupies the space above the piston. 

Thus in one complete stibke a quantity of air has been 
removed from below B. 

In each succeeding stroke the same vnlume of air (but 
at a diminishing pressure) is removed, and the* process can 
be continued until the pressure of the air left in the 
receiver is insufficient to raise the valves. 

The advantage of the valve at (7 is that during the 
downward stroke of the piston the pressure of the air 
above it becomes much less than atmospheric pressure, and 
hence the piston-valve is more easily raised than would 
otherwise be the case. 

^so the work which the piston has to do during its 
upward stroke is considerably lessened. 

138. Rente of RxJiaiuetion of the Air. Let F be the 
volume of the receiver (including the passage leading from 
the receiver to the lower valve of the cylinder), and V' be 
the volume of the cylinder between its higher and lower 
valves. 

Let p be the original density of the air in the receiver, 
and pi the density after the first half stroke. The air 
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which originally occupied a volume F of density p now 
occupies a volume (F+ F') and is of density pj. 


/. F. p = (F + F') pi, by Boyle’s Law, 




F 

Y^ yfP 



When the piston has descended to S again a volume V 
has escaped, so that we now have a volume F in the 
receiver of density pj. 

The process is now repeated. Hence, if be the density 
in the receiver after the second complete stroke, then 

- - ^ -f ^ y 

r'''“\r+ r/'’" 

So the density after the third complete stroke 

■ 

and the density after the nth stroke = P* 

This density is never zero, so that, even theoretically, a 
complete vacuum can never bo obtained. 

A fairly good air-pump will give, in the limit, a pressure 
equal to about mercury in the receiver; about 

one quarter of this is the lowest limit that has probably 
been attained by an air-pump. 


Bz. If the receiver he six times as large as the barrel, find haw 
many strokes must he made before the density of the air is less than 
half of the original density. 

F 6 6 

F+r'e+i”?* 




7776 

^"^ 16807 ^ 


Pi 


Therefore 6 strokee most be made. 
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139. The double-barrelled or Hawksbee’s Air- 
pump. This machine consists of two cylinders, each 



similar to the single cylinder in Smeaton^ Pump and each 
furnished with a piston. These two pistons ard both turned 
by a toothed wheel the teeth of which catch in suitable 
teeth provided in the pistons. 

This wheel is turned by a handle FE, 

As one piston goes up the other goes down. In the 
figure the left-hand piston is descending and the right-hand 
piston is ascending. 

One advantage of this form of machine is that the 
resistance of the air which retards one piston has the eifect 
of assisting the descent of the other. 

The rate of exhaustion in Hawksbee’s Pump can be 
calculated in a similar manner to that for Smeaton’s 
Pump. In this case Y* is the volume of each cylinder 
and n is the number of half strokes made by each piston, 

the number of times either piston traverses its cylinder, 
motions both in an upward and downward direction being 
counted. 
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Hawksbee’i Air-Pump was also made with only one 
barrel, so that it was then like Smeaton's, except that it 
was open at the top of the <^linder' 

140. Mwcy/ry Oomtge^ or MammeUir, 

The pressure of the air in the receiver is shown at any 
instant by an instrument called the mercury gauge. 

This has two common forms. 

In one form it is a small siphon barometer, consisting 
of a small bent tube with almost equal 
arms. One arm has a vacuum at A above 
the mercury, and the other arm is open at 
C and connected with the air in the re¬ 
ceiver As the pressure in the receiver 
diminishes the height of the mercury in 
the vacuum tube diminishes also, and the 
pressure of the air in the receiver is 
measured by the difiference of the levels in 
the two arms of the gauga 

In another form it consists of a straight 
barometer tube, the upper end of which 
communicates with the receiver, and the 
lower end of which is immersed in a vessel of mercury 
open to the atmosphere. As the pressure of the air in the 
receiver diminishes the mercury is forced up this tub^ and 
the height of the mercury in the tube measures the excess 
of the atmosphere pressure over the pressure of the air in 
the receiver. 

141. If h be the range of the piston in a 8meaton*s Air-Pampt a 
the distance from the'top of the barrel in its highest posiHoni b the 
distance from the bottom in its lowest position^ and p the density of the 
atmosphere, shew that the limiting dmsity of the air in the receiver is 

ab 

{h+a}{h+b)^‘ 
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When the piston D is in its lowest position at the oommencement 
of any stroke, let 0*1 be the density of the air between it and B, and 
therefore also that of the air between it and 0 (Fig., Art. 137). 

Also let 9 be the density inside the reoeWer. 

Then in order that the density v may be farther lessened, the 
valve at 0 mast be raised daring the next stroke, and so also mast 
the vdve at B, 

Daring the stroke the length of air k+a of density is rednoed 
to a length a of density and thus the apper valve is 

raised If 


k+a 


0-1 >p. 


.( 1 ). 


Also the length of air b of density o-j is daring the same stroke 
allowed to expand to length A+b of density and thas the 


lower valve is raised if 


From (1) and ( 2 ) we have. 


bo-j 

fc + b* 


.( 2 ). 


9> 


ap 


ab 


b+b'‘b+a^(b+a) (b + b)^* 


Thas the density of the air inside the receiver oan never be rednoed 

^low 77 —^—r. p; the pump will cease working when the density 
(b+a) [n+o)' 

has this valae. 


Hence it is clear that it is necessary to push the piston well home 
at the end of each stroke. This is especially the case when the 
density of the air in the receiver is approaching its limit. 

The length, a or b, of the barrel which is antraversed by the 
piston is called the “clearance.” 

[The weights of the valves have been neglected.] 

It follows, similarly, that in a Hawksbee’s air-pamp the limiting 

density is p, where b is the distance of the piston in its lowest 

position from the bottom of the barrel, and k is the length of its 
stroke. 

• ^ 

142. The Alr-oondenser, or Condensing Air- 
pump. The object of this instrument is exactly opposite 
to that of the Air-pamp, viz. to increase the pressure of 
the air in a vessel instead of diminishing it 
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The condenser consists of a vessel to which is 
attached a cylinder CB^ in which 
works a piston D, In the piston 
D and at B (between D and the 
vessel are valves, both of which 
open doumwiirda. 

When the piston is pressed 
down, the air between D and B 
becomes condensed; opens the 
valve B^ and is forced into the 
vessel A. 

When the piston gets to JS its 
action is reversed, the atmosphere 
outside presses the valve D open, 
and the pressure inside A^ being 
now greater than that of the air between B and the piston, 
shuts the valve B. 

When the piston gets to the highest point of its range, 
the motion is again reversed, and more air is forced into A. 

The vessel A is provided with a stop-cock B, which can 
be used to close A when it is desired. 

A slightly different form of condenser is one form of 
pump used for inflating the tyres of bicycles. The piston rod 
DC is hollow and is attached at (7 to the entrance to the tyi-e. 




It contains a valve at D. When the piston is at the end 
of the cylinder at Bf air enters through the hole B behind 
the piston. The cylinder is then pushed forward and the 
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piston D moves past B and cuts off communication with 
the atmosphere; as the cylinder is still farther pushed 
forward the air in AD is compressed and forced through D 
into the piston-rod DC and so through the tyre-valve into 
the tyre. 

. The hole at is often omitteii. The end of the piston 
at jD is furnished with a circular piece of leather, some¬ 
what similar to that on Page 187, which fits closely to 
the cylinder. This leather allows air to pass when the 
cylinder is pulled >)ack, but not when it is pushed forward. 
The connection with the outer air is then made by a small 
hole at the end of the cylinder at B, 

*'143. Density of the Air in the Condenser, Let V be 
the volume of the vessel A, including that portion of the 
cylinder below the valve i#, and V t^at of the cylinder 
btitween the valve B and the highest point of the range of 
the piston. 

In each stroke of the piston a volume Y* of air at 
atmospheric pressure is forced into the condenser. 

Hence at the end of n strokes there is in the condenser 
a quantity of air which would occupy a volume F+wF' at 
atmospheric pressure. 

If p be the original density of the air and p. the density 
after n strokes, we have 

p. (F+wF)=p,. F. 

F+»r 

• • Pn - y ~' P* 

Ex. A eondemer and a Smeaton'$ Air-pump have equal harreU and 
the game receiver, the volume of either barrel ^ing one-tenth of that of 
the receiver: if the condenser be worked for 8 strokes and then the 
pump for 6 strokes, prove that the dendty of the air in the receiver wiU 
be approximately unaltered. 

If p be the original density, the density at the end of 8 strokes of 

18 

r~ '■“15^ 


the condenser 
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Aim the density at the end of 6 strokes of the pnmp 


18 Z—V 18 

1016^. 


1800000 

1771561 


10 “ 

11 “ 


Henee the final density is very nearly equal to the original 
density. 


144. Tate’s Alr-Pamp. This is a form of pump in 
common use. It consists of a pair of. pistons, A and S, 
connected by a rod with a handle F. The distance between 
the extreme faces of A and B is very slightly less than half 
the length of the cylinder CD. At the middle point of 
the cylinder, a passage leads to the receiver from which the 
air is to be expelled. When jS is at i), the piston A is just 



to the right of E (since the distance between the extreme 
faces is less than \ (YD'). At V and Y are two valves, both 
opening outwards. 

In the figure the piston B is moving towards D' and 
driving the air out at T. When B gets to D\ E is placed 
in communication with the space to the left of ri; on the 
motion being reversed the valve V' doses, and the air to the 
left of d is compressed till its pressure is greater than 
atmospheric pressure; the valve V then opens, and lets this 
air out. 

When A gets to C, the passage E is in communication 
with the space to the right of B and some of the air in the 
receiver expands into this space, and at the next stroke 
forward of the piston is forced out through F. 
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The handle being worked alternately forward and back¬ 
ward, the air in the receiver is thus exhausted. 

This form of pump has advantage over Smeaton’s form 
in that two valves, one in the piston and one leading to 
the receiver, are not wanted. A greater degree of ex¬ 
haustion can thus be produced. 

145. When a very high degree of exhaustion is 
required, as in thei. case of the globes of electric lamps, 
the preceding air-pumps are not sufEcient^ as the necessity 
of lifting the valves sets a limit to their working. 
Other pumps must be used; one such is 
SprengeTs Air-Pump. This machine 
consists of a vertical glass tube ABCj the 
lower end of which dips into a vessel G 
containing mercury, and the upper end 
of which connects with a vessel E contain¬ 
ing mercury. At .8 a glass tube connects 
with the receiver which is to be exhausted. 

The length BO must be greater than the 
height of the mercury barometer. The 
mercury in is allowed to run down 
through ABC ; as the mercury passes B it 
breaks into drops, and encloses portions 
of air which come from the receiver 
through the tube DB ; this air is carried 
down into the mercury and so passes 
into the atmosphere. 

As this process continues the pressure of the air in BD 
diminishes, until the metallic sound caused by the f&lling 
drops of mercury shews that practically no air is carried 
down with it. The height above G at which the mercury 
then stands inside the tube BG is very nearly equal to the 
height of the mercury barometer. 



7-2 
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The vessel E must not be allowed to become empty; the 
mercury overflows from G into another vessel, and this 
latter is continually being used to replenish the amount in 
the vessel E. 


EXAMPLES. XXm 

1. Find the ratio of the receiver pf Smeaton*8 Air-pump to that 
of the barrel, if at the end of the fourth stroke the density of the air 
in the receiver is to its original density as 81 ; 266. 

2. The cylinder of a single-barrelled air-pump has a sectional 
area of 1 square inch, and the length of the stroke is 4 inches. The 
pump is attached to a receiver whose capacity is 36 cubic inches. 
Alter eight complete strokes compare the pressure of the air in the 
cylinder with its original pressure. 

3. In one air-pump the volume of the barrel is iljjth of that of 

the receiver and in another it is ^th of the receiver. Shew that after 
three ascents of the piston the densities of the air in the two receivers 
are as 1728 :1331. , 

4. If each of the barrels of a double-barrelled air-pump has a 
volume equal to one-centh of that of the receiver, what diminution of 
pressure wiJd be produced in the receiver after four complete strokes 
of the handle of the pump? 

5. If the receiver of an air-pump be six times as large as the 

barrel, find how many strokes must be made before the density of the 
air is less than (1) (2) ^ of the original density. 

6 . In one pump the barrel has -^th of the volume of the receiver 
and in another it has ^th. How many strokes of the latter are 
required to produce the same degree of exhaustion as six of the 
former? 

7. In the process of exhausting a certaia receiver after ten strokes 
of the pump the mercury in a siphon gauge connected with the receiver 
stands at 20 inches, the barometer standing at 30 inches. At what 
height will the mercury in the gauge stand after 20 more strokes ? 

8 . If the piston of an air-pump have a range of 8 inches and at 
its highest and lowest positions be one-fourth of an inch from the 
top and bottom of the barrel respectively, prove that the pressure of 
the air in the receiver cannot be reduced below j^th of atmospheric 
pressure. 

9 . If,the oapadty of the barrel of a condensing air-pump be 
80 cubic <&s. and the capacity of the receiver 1000 cubic cms., how 
many strokes will be required to raise the pressure of the air in the 
receiver from one to four atmospheres? 
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10 . The barrel of a condensing air-pump is one inch in diameter 
and 8 inches long. The tube of a pnenmatio tjro when inflated is one 
inch in diameter and 80 inches long. If to begin with the tyre is quite 
empty, how many strokes of the pump will be needed to inflate it with 
air at twice the atmospheric pressure? 

11 . In a condenser the area of the piston is S square inches and 
the volume of the receiver is ten times as great as the volume of the 
range of the piston. If the greatest intensity of the force that can be 
used to make the piston move be 165 lbs. wt., find the greatest number 
of complete strokes that can be made, the pressure of. the atmosphere 
being taken to be 15 lbs. wt. per sq. in. 

12 . If of the volume B of the cylinder of a condenser only 0 
is traversed by the piston, prove that the pressure in the receiver 

oannot be made to exceed ^ 3 ^ atmospheres. 

13. The capacity of the receiver of a Smeaton^s Idr-pnmp is eight 
times that of the barrel; what fraction of the fifth upward stroke has 
the piston described when the npp^r valve opens T 

14. If the upper valve in a Smeaton’s Air-|)ump opens when the 
piston is three-quarters of the way up, what was the density of the 
air in the receiver at the commencement of the stroke? 

15. A speaking tube, whose section is one square inch in area, is 

found to be blocked. A condeusing pump is attached to the tube, 

and after 30 strokes the pressure of the air in the tube is found to be 
4 times that of the atmosphere. If the capacity of the barrel of the 
pump be 60 cubic inches, shew that the obstruction is distant 41| feet 
from the mouth of the tube. 

16. A condenser and a Smeaton’s Air-pump have equal barrels 
and the same receiver, the volume of the latter being twenty times 
that of either barrel; if the condenser be worked for 20 strokes, and 
then the pump for 14, shew that the density of the air in the receiver 
will be approximately what it was to start with. 

17. If air be taken from a ves.sel of volume A and condensed in a 
vessel of volume A' by a barrel of volume B of which the clearances 
C, O at the ends are not traversed by the piston, prove that, neglecting 
the weights of the valves, the limiting ratio of the pressure in A to 
that in A’ is 

CC 

18. The volume of the barrel of a condenser is v and a volume 0 ’ 
of it is below the piston when the latter is pushed down as far as it 
will go. If the valves open when the difleranoe of preasore between the 
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two sidea is p. and IT be the atmospherio pressare, prove thdf the 
mazimnm presBore that can be produced in the air in the receiver is 

19. In a Hawksbee’s Air-pump, if A be the volume of the receiver 
and B that of the barrel, and if the piston fail to traverse a volume C 
at the bottom of the barrel, prove tlmt the density after n strokes is 



times that of the'atmosphoreb 

^ 146. Bramah^s Press. This machine, used for ex¬ 
erting great pressures, has been referred to already in 
Art. 12. Its essential form is there shewn. 

The annexed figure shews a section of the machine 

as actually used. A small solid plunger is worked by the 



lever BD, When this plunger moves upward, the valve 
at F rises, and liquid comes from the lower reservoir 
below F. 

When the plunger is moved downwards, this valve at 
F shuts, and the liquid is forced through a valve into CE 
and so into A, 
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* 

When the machine was first invented, great difficulty 
was found in making it watertight. The water forced its 
way out through the' apertures through which the piston 
rods pass. 

This was overcome by the use of a leather collar of the 
shape annexed. 

This collar, saturated with oil to make it water-tight, 
fits with its concavity downwards in a groove in the side 
of the aperture. When water attempts 
to pass between the piston and the side of 
the aperture, it forces this leather collar 
tightly against the sides of the piston, ^ 
and the greater the pressure of the water the more tightly 
does the collar fit. The water is thus, by its own pressure, 
prevented from squirting out. * 

^147. Siphon. The siphon is an instrument used for # 
emptying vessels containing liquid. It consists of a bent 
tube ABCi one arm AB being longer than the other BC. 

Q 



The siphon is filled with the liquid and, the ends A and C 
being stopped, is inverted, the end C of the shorter arm 
being placed under the level of the liquid in the vessel. 
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The instniment must be held bo tiiat the end A is below 
the level of the liquid in the vessel 

I 

If the ends A and G be now opened the liquid will 
begin to flow at d, and will continue to do so as long as 
the end A is below the surface of the liquid. 

To exj)lain the action of the vnst^uvient. Let B be the 
highest point^ of the siphon. Draw a line UMN vertically 
downwards to meet the level of the surface of the liquid in 
M and a horizontal line through A in N* 

Let Q be the point in which the horizontal plane 
through P meets the limb BA, 

Consider tfie forces acting on the liquid in the siplion 
just before any motion takes place. 

The pressure Q== pressure at P 

‘ = pressure of the atmosphere. 

Also pressure of the liquid at A 

= pressure at Q + wt. of column NM, 

Hence the pressure of the liquid at A is gre^ater than 
atmospheric pressure, and therefore the liquid at A will 
flow out and the liquid in the limb BA will follow. 

A partial vacuum would tend to be formed at B and, 
jfTovided the height MB he less thorn A, the heighi of the 
hivrometer forrroed by the liquid^ liquid would be forced from 
the vessel up the tube CB and a continuous flow would 
take place. 

The siphon is self-imting; the work is done by gravity 
as the liquid flows from the higher to the lower level. 

^148. The two conditions which must hold so that the 
siphon can act are: 

(1) The end A (or the level of the liquid into which A 
dips) must be below the level of the liquid in the vessel 
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which is to be emptied. Otherwise the pressure of the 
liquid at A would be less, instead of greater, than atmo¬ 
spheric pressure, and the liquid would not flow out at A. 

(2) The height of the top of the siphon above the 
liquid at P must be less than the height of the correspond¬ 
ing liquid barometer. For otherwise the pressure of the 
atmosphere could not support a column so high as MB. 

In the case of water the greatest height of B above P 
is about 34 ft., for mercury it is about 30 ins. 

149. Bz. Water ia flowing out of a vessel through a siphon. 
What would take place if the pressure of the atmosphere were removed 
and afterwards restored (1) wl^n the lower end is inpnersed in water^ 
(2) when it is not ? 

In the first case the water in the two arms of the siphon would fall 
back into the two vessels and a vacuum would be left in the siphon. 
On the restoration of atmospheric pressure theasiplion would resume 
its action. 

In the second case the two arms would empty themselves as 
before; on the restoration of the air the latter would now enter the 
open end of the siphon and fill it; consequently no action would now 
take place. 


EXAMPLES. XXVnL 

1, Over what height can water be carried by a siphon when the 
mercurial barometer stands at 30 inches (sp. gr. mercury =s 13*6) 7 

2, What is the greatest height over which a liquid (of sp. gr. 1*5) 
can be carried by a siphon when the mercury stands at 80 inches, the 
sp. gr. of mercury being 13*6? 

3 , 4u experimenter wishes to use a siphon to remove mercury 
from vessel 3 feet deep. Why will he not be able to remove iJl 
of it by this means? 

4 , A cylindrical vessel, whose height is that of the water beuro- 
meter, is three-quarters full of water and is fitted with an air tight lid. 

• If a siphon, whose highest point ia in the surface of the lid and the 
end of whose longer arm is on a level with the bottom of the vessel, 
be inserted through an air-tight hole in the lid, prove that one-third 
of the water may be removed by the action of the siphon. 

5, What would happen if a small hole were made in (1) the 
shorter limb, (2) the longer limb of a siphon in action? 
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0XNTRE3 OF PRES30BB. 

150. In ^the present chapter we return to the subject 
of idle centres of pressure of certain areas immersed in 
liquid. Some results have been already stated in Art. 43. 

I 

161. Oi^ctphical eonstrucUon for the centre of ^e^iwre 
<f imy pUme area immersed in liquid. 



Let ABC be any plane area; through all the points 
A, C... on its boundary draw vertical lines AA', BF, 
CC... to meet the surface of the liquid in points A\ F, 

cr.... 

Consider the equilibrium of the cylinder thus out o£ 
The forces acting on its curved surface are aU horizontal, 
and thus have no oomponent in a vertical direction. 
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The forces on the plane base ABC are all perpendicular 
to the base, and thus by the laws of composition of parallel 
forces (StaticSf Art. 53) may be replaced by one single 
force, w’hich is perpendicular to ABC and acts through its 
centre of pressure P. 

The yertical component of this single thrust, (since it is 
the resultant yertical thrust of Art. 45), must balance the 
weight of the cylinder which acts through its centre of 
gravity G, and thus GP must be a straight lina 

Hence the centre of pressure of emy plane area is the 
point in which the area is met by the vertical line drawn 
through the centre of gravity of the cylinder formed by 
drawing straight lines Qvrough (he boundary of (he area to 
meet the surface of the liquid. 

The above construction seems to fail* when the plane of 
ABC is vertical. 

In any position of ABC^ which is not vertical, let ST 
be the intersection of its plane with the surface of the 
liquid, and let the plane STACB be turned round ST into 
any other position (including the vertical position). Then 
the pressures at the different points are all altered propor¬ 
tionately, and they are all turned through the same angle. 

I 

Hence by the principles of the Composition of Parallel 
Forces their centre is unaltered 

a 

It *152. Centre of pressure of a rectangular lamina im¬ 
mersed in homogeneous liquid with one side in the surface. 

Let ABCD be a rectangle ^inclined at a finite angle to 
the vertical ^lane through dP, which is in the surface of 
the liquid. 

Draw vertical lines through all the points on PC, CP, 
DA to meet the surface in PP, RQ^ QA. 

* For proofs, by the use of the Integral Oaloolui^ of this uid the 
two foUowing ArtiolM see Pages 
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Then, by Art. 151, the centre of pressure of the 
rectangle is the point P where the vertical line through 



the centre of gravity G of the wedge ABRQDC meeta the 
rectangle. 

But if Z, Mf N be the middle points of AB^ GD^ RQ it 
is clear that the c.u. of the wedge coincides with the c.a. of 
the aLMN. ' 

Hence, bisecting LM in B, and taking EG - ^Elf, we 
have G the centre of gravity. 

If we draw GF vertically, we have, by similar tri¬ 
angles, 

EP:£M::EO:EN::l : 3. 

EP = \EM=\LM, 
and LP^LE + EP=. iLM+ iZM= 

Hence the centre of pressure lies on the middle line of 
the rectangle at a distance down equal to two-thirds of it. 

Oor. As in Art 151, if the rectangle be turned round 
AB till its plane is vertical, the position of its centre of 
pressure is unaltered. 

1^11153. Centre of pressure of a triangle immersed «n 
homogeneous liquid with <me side in the surface. 

Let ABC be a triangle with its base BC in the surface 
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of the liquid, and its plane inclined at a finite angle to the 
vertical 



Draw AR vertically to meet the surface in R. 

Tlien (as in Art. 161) the required centre of pressure is 
the point in which the vertical through the centre of gravity 
of ABGR meets the triangle ABC. 

If D be the middle.point of BC^ DEg:^^DA, EG - \ER, 
and GP bo drawn vertically to meet EA in P, then G is 
the centre of gravity of ABGR {Statiea, Art. 107) and 
P is the required centre of pressura 

By similar triangles, EP : EA :: EG : ER :: I : 4. 

EP=lEA==ixiDA = iDA. 

I)P:=DE + EP=:^iDA + l-DA- ^DA. 

Hence the centre of pressure bisects the median DA. 

Cor, If a be the vertical depth of A below BG, A be 
the area of the triangle, and to the specific weight of the 
liquid, the whole thrust acts at P, and 

» 10 . A X depth of the centre of gravity of the triangle 

The thrust on the triangle is thus equivalent to two equal 
forces, each jio. A. a acting at the middle points of AB^ 

AG. 
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AUter. Conceive the triangle to be divided into a vei 7 
large number of narrow strips of equal breadth by straight 
"lines parallel to the base BO^ 



Let PQW^ P'Q'tr'F' be two such strips equidistant 
respectively from and so that DE^AE^ and 
DE=AE, 

1 

If the diBtancda E8 and ES' are egual, the areas are 

proportional Ibo FQ and 

Aisp the pressure at each point of PQUV is proportional 
to ED ultimately. 

So the pressure at each point of is proportional 

to ED ultimately. 

, whole pressure on PU PQ . DE QE AE 
whole pressure oviEU'~F^DE AE 

"" 'AE ' AE"^* 

Hence the pmsures on PU^ FU' are equal, and they 
act^at equal distances from 0 the middle point of ADf 
hence their resultant is at 0, 

Similarly for any other such pair of strips. 

Thus the centre of pressure of the whole triangle is at 
0, the middle point of the median DA, 



CENTRES OF PRESSURE. 


195 


^164. Cemtre of preesitre of a trianglo inmutraed in a 
liquid with a vertex in the ewrfaee emd the opposite aide 
horizontal, 

Let ARC be a triangle with the vertex A iu the surface 
and the side RC horizontaL 



Through R^ C draw, vertical linos to neet the surface in 

R.Q 

Then, as in Art.'161, the required centre of pressure is 
the point in which the vertical through the centre of gravity 
of ARCQR meets the triangle ARC, 

Since RC is horizontal, it is equal to RQ, 

Hence if be the centre of the rectangle RCQRy 
the centre of gravity of ARCQR is the point O where 
AO^\AE, 

Draw ED perpendicular to RC \ then ED bisects RC, 
Draw GP vertically to meet AD in P, 

Then P is the required centre of pressure, 

By similar triangles, AP : AD :: AG : AE :: 3 : 4. 

/. AP^^AD, 

Thus the required centre of nressure divides the median 
in the ratio 3 :1. 
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155. We shall now give another method' of obtaining 
the results of the previous articles; it consists of a division 
of the area into very thin strips,(the thrust on each of 
which is known and also its centre of pressure, and then 
of an application of the formulae of StaticBt Art 111, 

^^156. Rectangle. 



Let AD=sa and AB = b, 

JDivide the side AB into a large number, n, of equal 
parts so that each of the distances 

AAif AiA^f ... AfAf^it ... Ay^^lB 

is equal to the small quantity 

Through the points A^, ... draw lines parallel to ADj 

thus dividing the rectangle into a series of equal very thin 
strips. 

Each such strip may thus be considered to have the 
pressure at each point of it the same, and thus the whole 
pressure on it acts at its middle point which is on the 
straight line Z>Jf, which joins the middle points oi A J) and 
BC. 

Now the strips being very thin, its centre of 

pressure and centre of gravity will ooinmde very approxi- 
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with the middle point of they both 


will be at a distance — from L, 

rh 


Hence, since the thrust on each strip is equal to 
its area x depth of its c.g., 

the thrusts on the strips are clearly 


ah b ah ^ ab Sb 


— X-, —X — , —X —, — 

'n n n n n n n 


ah (« - 1) 6 
n n 


and they act at distances from L equal to 

5 26 ^ 

«• w* 

V. • 

Hence, if £ be the distance from L of the centre of 
pressure, we have [Statics, Art. Ill] 

/6V oh /26\* a6 /to —16\* 


+ — X 
TO 


f2by ah /i 


ah b ah 26 ab to 1 , 

— X- + — X — + ... + — X-0 

n n n n to to 

( to - 1 ). to .( 2 to - 1 ) 

6 1* h2».f 3 »+...-^(to-1)« _ 6 ~6 

TO 1+2 + 3 + ... + (to—1) TO'^"^(to— 

2 

6 2TO-l_^r- J_"| 

3 "" 3 L^"2toJ’ 


Now let TO be made indehnitely great in which case - is 
ultimately zero. 

26 

X ~ , as before. [Art. 162.] 


Cor. The proofs both of this Article and of Art. 162 
hold if the rectangle be replaced by a parallelogram with 
one side in the surface. 
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^IB7. TritengU with itB vertex m the evr/ace cmd the 
opposite dde horizontal. 

Let AD = dt p being the middle point of the base BC, 

Let the triangle ABC be divided into a very large 
jiumber, n, of very thin strips by straight lines Bfii, 



all parallel to BCt and which 

divide the distance AD into distances ~ at the points 

n 

Dif D^ ••• -^n-l* 

By similar triangles Bfif. «= x a. 

Hence the area of the very thin strip 

r 

OB AD-. i.e. ce — d, 

^ n 

The depth of its 0.a. oc AD^f i.e. ^ ~ the o.a. is 

the middle point of D^D^^i and hence coincides very nearly 
with 2>r.] Hence the total pressure on B/Jr^i ^ ^ 

Also the centre of pressure of this strip coincides very 
nearly with 2),., and thus its distance from A is very nearly 
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Hence, by the rale for the centre of any system of 
parallel forces, we have 

« _ S (pressure on each element x dist. of its ap.) 

~ % (pressure on each element) 

■■ '»for all yaluea of r from 1 to n-1, 






ft 


-,[l‘ + 2' + 3« + ... + (n-l)»l 


^,[l»+2* + ...+ («-!)»] 


. {*^T 


_ 6 »-1 

n (» — 1). w {%n — I) 4 2w 1** 


s 

3 n 
^ 2n 


1 


Now let n become infinitely great, so that ^becomes 


zero. 

Thus 


- ^ ^ A Ti 

*= 4 “4^^- 


EXAMPLES. XXIX. 

lb 1. A triangle is wholly immerBed in a liquid with its base In the 
Bo^aoe. Shew that a horizontal straight line drawn through the 
centre of preBSure of the triangle ditides it into two parts the 
thrusts on which are equal. 

2, A cubical box filled with water is closed by a lid without 
weight which can turn freely about one edge of the box, and a string 
is tied synunetrioally about the box in a plane which bisects this 
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edge; if the lid be in a vertical plane with this edge uppermost, 
prove that the tension of the string ie eqoal to one-third of the 
weight of the water. 

f 

8. A rectangular box of thin sheet metal in the shape of half a 
cube has one edge binged horizontally on a vertical wall, the square 
face of the box next the ^^all being removed. Find the weight of the 
metal per square foot so that, if the box be filled with watery none 
shall Imk out, the length of the edge of the box being a feet. 

'U. Shew that the depth below the surface of a liquid of the 
centre of pressure of a rectangle, two of whose sides are horizontal 

and at depths a and 5, is A 

[Produce the vertical sides of the rectangle to meet the surface of 
the liquid; then the thrust on the given rectangle is equal to the 
difference of the thrusts on two rectangles, each of which has a side 
in the surface; also these thrusts and their points of application are 
known by Arts. 89 and 166; then proceed as in Statiet, Art. 116.] 

It 6. The lengths of the two parallel sides of a trapezium are a and 
b and the distance between them is b; if the trapezium be immersed 
in water with its plane vertical and the side a in the surface, prove 

that the centre of pressure will be at a depth ^ below the 

surface. 

*6. A lamina in the shape of a quadrilateral ABCD has its side 
CD in the surface of a liquid and the sides AD, BC vertical and equal 
to a, ^ respeotively. Shew that the depth of its centre of pressure is 

1 

7. A cubical box is filled with water and has a closely-fitting 
heavy lid fixed by smooth hinges to one edge; compare the tangents 
of the angles through which the box must ha tilted about the several 
edges of its base so that the water npay just begin to escape. 

8. Find the centre of pressure of the case of Art. 154 by consider¬ 
ing it as the difference between the cases of Arts. 162 and 163. 

^158. A plane a/rea is immersed in a homogeneous 
liquid^ omd iha depths of its e&nJbres of gravity amd presswre 
a/re respectively a and h; if ^ whole a/rea he now lowered 
{without wrvy rotati<m\ to find the new position of ike centre 
of presswre. 
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Let 0 be the centre of gravity, and P the centre of 
pressure, of the area in the first position when BC is the 
surface of the liquid. 



Let the area bo depressed through a distance h\ or, 
what is equivalent, let a depth h of liquid be superimposed 
on BC, 

In the original position the thrust on the area was 
equal to A<m acting at P (Art. 39), where A is the given 
area and w the specific weight of the Uquid. 

The efiecti of putting on the additional liquid is to 
increase the pressure on each element of A by the 
amount due to the depth A, that is, by wh per unit of 
area. 

* 

The resultant of all thesq additional pressures is there¬ 
fore Awh acting at Q. 

The point P‘ at which act^ the resultant of Aaw at P, 
and Awh at 0^ is clearly the new centre of pressure 

By the rule for compounding parallel forces, it follows 
that F lies on PC, and divides it so that 

' 4 

PF ; FO :: Awh : Awii^ 
ii h i m. 
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169. From the preceding article, by taking moments 
about EC, we have 

depth of P below PC . 

Aaw + Ahw 

h* + 2aA + ab 

" m • 

Hence the depth below the new surface of the new 
centre of pressure 

— depth below the original surface of the original centre 
of pressure 

A* + 2a4 + fl6 - . 2a-6 + ft 

CS--- r— — 0 = A X - = -, 

t h+a a+h 


so that the depth of‘the centre of pressure below the ewrface 
of the water is greater by this amount. 

Also depth of 'F below B'C 
— depth of P „ „ 


h? 4- 2aA + ab 
A + a 


-(6 + A)*-A 


6-0 


and this quantity is always negative. 

Hence tn the area itself the centre of pressure is raised 

through the distance h . 


Also the vertical distance between the centre of gravity 
and the centre of pressure in the second position 


A* + 2aA + a6 . a6-o* 

___— 


and hence oc inversely as A + o, 

f.s. K inversely as the depth of the o.o. below the surface. 

It follows that, the greater the depth, the more nearly 
does the centre of pressure approach to the centre of 
gravity, and hence that at an infinite depth the two 
centres coincide. 



CENTRES OF PRESSURE. 


203 


160. If the position of the centre of pressure of an 
area, when the atmospheric pressure is neglected, be known, 
its position may now be found when this pressure is taken 
into account 

For if 4 be the height of a barometer filled with the 
same liquid as that in which the area is inserted, the 
atmospheric pressure is equivalent to superimposing a 
depth h of the liquid, as in Fig. Art 168. 

161. Bz. Find what effect an atmospheric pretture, equal to a 
water-barometric height A, ha» on the potition of the centre of presmre 
in the case of Art. 162. 

When there is no air-preteore, the thrnst the rectangle is 
at X ^ X 10 and acts at P, where XiP= ~. 

The atmospherio pressure is equivalent to at x ft x to, and acts at 
E, where LP=:|. 

Taking moments about L, we see that the distance from L of the 
new centre of pressure 

^ b 2b ^ ^ b 

ahx^xwx-^ + ab'Kkwx- 
Ss o d 

abx^+ahxku 

b 2b+Jih 
b+2h 6+2A * 

BTAMPltlM XXS. 

*2^1, A square lamina is just immersed vertically in water, and is 
then lower^ through a depth b; if a be the length of the edge of the 
square, prove that the distance of the centre of pressure kom the 

centre of the square is 

2, A triangle, of base a and altitude h, is placed in water with 

its plane vertical and the side a horizontid and at a depth k below 

the surface of the water; find the depth of the centre of pressure, the 
vertex being the highest point of the triangle. 
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3, If the triangle in the previone qaestion be placed with the 
vertex at a depth k and the opposite side a horizontal, the plane of 
the triangle being Dertioa), find the depth of the centre of pressure, 
the vertex being the lowest point of the triangle. 

An equilateral triangle, eaol3 of whose sides is 6J3 feet long, 
is immersed vorticaUy in water vritli ite side in the surface which is 
open to tlie air. If the water bare meter stand at 84 feet, find the 
depth of the centre of pressure of the triangle. 


^ 5. A triangle has its base in the surface of a liquid and its vertex 
downwards ; if the atmospheric pressure be equivalent to a height h 
of water, prove that the centre of pressure will be higher by a distance 


4 than it is when the atmospheric pressure is neglected, where 9 

is the distance of the centre of gravity of the triangle below the 
surface of the waVer. 


6. If the triangle in the previous question has its vertex in the 
surface and base horizontal, find the oorresponding distance. 

7. If the position of the centre of pressure of a plane area be 
known when the atmospheric pressure is neglected, prove that its 
position when the atmospheric pressure is included may be found by 
the following mle; the depths of the centres of pressure and gravity 
below the free surface in the second case are in the same ratio as the 
depths of the oorresponding points in the first case, each increased by 
the height of the water barometer; also the two centres of pressure 
lie on a straight line passing through the centre of gravity. 

8. A plane area is completely immersed in water its plane being 
vertical; ii is made to descend in a vertical plane witiiout any 
rotation and with uniform velocity; prove that the centre of pressure 
approaches the horizontal through its centre of mass with a velocity 
which is inversely proportional to the square. of tibe depth of the 
centre of mass. 


162. The centre of preaaw'c of amy triangle immersed 
in homogeneous liquid coincides toUh the centre of paaoUd 
forces acting at the middle points of the sides and of magni¬ 
tudes proportional to the depths of their middle points. 

Let ABC be a triangle with its vertex A in the surface 
of the liquid, and its base BC in any position, and let BC 
be produced ^to meet the surface in K. Let 2), be the * 
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middle points of the sides of the triangle, and E\ IF the 
middle points of CK^ BK, 



Let AK=k, and let j8, y bo the depths of the points B 
and G below AK. The aree of the triangle ABK 

Then, by Art. 153 Cor., the whole thrust on ABK is 
equivalent to forces at F and Fj i.e. to forces kp 

JctD 

at A and E and 2kp at B, where ^ ^ * 

So the thrust on the triangle ACE is equivalent to 
forces k-f at A and E and 2Xy^ at C. 

Now the whole thrust on ABC is equal to the difference 
between the thrusts on ABE, AGE, and is thus equivalent 
to forces 

X(^-y*)ati, 2X)8’at5, -2Xy‘atC 

and X ()3*—y*) at A.(1). 

Now since ' BE : GE ^ : y, 

a force (p-y) at E is ‘equivalent to — y at B and p at C, 
[StaticSf Art. 63], and hence X (^ — y*) at A 

= - Xy ()8 + y) at B and kfS (j8 + y) at C, 

Hence the forces (1) are equivalent to; 
at A, A'(/3*“y*)i 

at N, 2X/3* - Xy (^ + y), i.(t. X(^-y)(2^ + y), 
at <7. -2X/ + X/308 + y), i.e. kifi^y) + 
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Now the area A of the triangle ABC 

Hence the forces (2) are equivalent to 

^ 0? + y) at i, ^ (2)8 + y) at J. «.(! ^ (^ + 2y) at C, 

/ WA JS foA y , «>A jS + y ^ _ 

t.fl. to -y . C at y at and -g-. at D, 


ia to forces e^t D, E, F proportional to their depths. 

Next let the triangle be depressed through a distance 
a, and let /S', y be jbhe new depths of B and 0. 

Then /^^a+ jS, and y' = a+ y. 



B 


The effect of this depression is to cause an additional 
thrust to . A . a' at the ao. of ABC^ 

that is, a at each of E, and F, [StaUoB, Art. 104. 
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The thrust on the triangle is then equivalent to 




wA y + a ■ 

%,6, g , “2 - at Ef 

w£i a!+ p^ 

at F, 


Hence with the triangle in any position the centre of 
pressure coincides with the centre of forces acting at the 
middle points of its sides of magnitudes proportional to the 
depths of these middle poix^ts. 

Cor, By the formula for the centre of parallel forces 
[StaticOf Art. Ill] the depth of the centre of pressure 

tcA //3^ + yV wA /y^ + oV + 


tcA //3' + yV . /y + ®V 

Ta“2'7 ) 


08 '+y?+(y'+« 0 *+(«' + ^)‘ 


i(a' + P' + y) 

a' + /S' + y’ + + yV + a'/S' 


2(a' + /S' + y') 


163. By the use of the preceding theorem the centres 
of pressure of many figures'may be obtained by dividing 
them up. into triangles. 

Ex. A regular hexagon^ ABODEF^ U imtnereed in water with one 
tide AB in the rwrfaee;' ehew that the depth of centre of preemre is 
to that of its centre of gravity as 23 to 18. 

e ■* 

Let 0 be its centre and A,, B^ be the middle points of 

OAt OBt.,.OF and P, Qt B, 8^ T, U the middle points of AB, BO, 
CD, DE, EF, FA. 

^t JPOsa. 
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Then the depths of Q, A^, U are each ~, 

those of Cit F| are eaoh a, 

8a 

those of H, D], Elf T are each 

£ 

and that of 8 is 2a. 

The areas of the six triangles into which the hexagon is divided 
are all equal, and we thus have to place at the middle points of each 
side of each triangle a force propcrtional tc the depth of the point. 

We thus have one foroe ^. 0 at depth 0, 

o 


six forces 


toA a 

T 2 ’ 


tt 


a 

2‘ 


four forces , o „ 

iS 


six forces - 


tcA 3a 


3 ' 2 


o'** 


i-i a, 

3a 

’* 2"» 


and one force ~ . 2o „ „ 


2a. 


Hence (StaHes, Art. Ill) the depth of the centre of pressure 
loA 


- 6,| + 4.a + 6 . Y +- 2 aj- 


wA 

T 


6 ^ 64 ^ 

3 +4 + 9+ 2 18®* 
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EXAMPLES. XXXL 

1, Shew that the dopth of the centre of pressure of a triangnlar 
lamina, the depths of whose angular points are a, fi, and 7 , exceeds 

the depth of the oentre of gravity by ® ^ . T ^ . 

6(a+/5+7) 

Shew also that it Is the centre of parallel forces at the angular 
points proportional respectivefy to 2 a+/}+ 7 , a h 2 / 3 + 7 , and «+/ 3 + 27 . 
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2. A triangle ABC has the vertex A in the Burfaoe of water and 
its angular points B, C at depths x and y respectively; the height of 
the water barometer being h, find the depth of the centre of pressare 
of the triangle. 

«3. A rhombas is immersed in a liquid with a vertex in the 
surface and the diagonal through that vertex vertical; prove that the 
centre of pressure ^vides the diagonal in the ratio 7 : 5. 

4. A square is immersed, with its diagonal vertical, and its 
lowest point as deep again as its highest point, find the depth of 
its centre of pressare. 

.i«6. The depth of the centre of pressure of a rhombus totally 
immersed, with one diagonal vertical and its centre at a depth h, is 

h + , where a is the length of the vertical diagonal. 

6. A parallelogram has its oorneTS at depths A,, \ below 

the Burface of a liquid, and its centre at a depth h ; shew that the 

depth of its centre of pressure is —-———=-. 

I 

7. A regular hexagon is immersed in water with one side in the 
surface; find the depth of the centre of pressare of the upper half. 

8. Shew that the centre of pressure of a rhombus immersed in 
two liquids, which do not mix, with a vertex in the upper surface and 
a diagonal in the common surface, divides the other diagonal in the 
ratio 5 : 8, if the density of the lower liquid be three times that of the 
upper. 

**9. A rectangle i$ immersed in n liquids of densities />, 2/>, 3p,.. .np, 
which do not mix; the top of the rectangle >« in the surface of the first 
liquidj and the area immersed in each is the same; prove that the depth 

of the centre of pressure of the rectangle is where k is the 

depth of the Unoer side. 


O 
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Jjet Qf be the oentre of gravity of the aiea in the rth liquid, and' 
Pf the' point that would be its oentre of pressure if there were no 
liquid above it. 

Then, if 0 be the middle point of the highest edge of the reot- 
angle, 

OJ,*=(r-l)5; ArQr=^i and^,P,=-.-. 

As in Art. 42, Ex. 8, we may replace the liquid above Af by a 
thioknesd x of density rp, where 

« X rps=^p[l + 2 + .„+(r- 1 )]=? Pi 

fcft .=<r-l)A. 


Henee, by the rule of Art. 168, the thrust on the portion in the 
liquid rp is equivalent to 

' I 

A.rpxx at ^ Pr, 

where A is the area of this portion. 

Hence, by the m£e for the oentre of parallel forces, we have 


2*^A.fp.»xOGr+A.fpx^x OP^ 
^l(A,rp.x+A.rp.^ 

T[f.(r- 1 )A+,*] 


h 2 Ur(i-l)(2^ -l )+r(2r-i)3 


h 2!:[6r»-8f«+r] 

SS —- X . * ■ I 

6n Zfi- 

6 X r?!^-+in* - 8 X 

h L 2 J _6 2 

“6ii ^ n(w+l)(2n+ l) 

h . n*(ii + l)(8ii+l) 

“6n*‘®’‘n(n+l)(2ii + l) 

ii8n+l 
“2 2»+l’ 
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, 10. A plane quadrilateral ABOD !i entirely immereed in water 
with the side AB in the surface. If the depths of G and D below the 
surface are y and S xespeotiveljf and that of the o.a. is ht prove that 

the depth of the centre of pressure is ~ $ X * 

Shew that a quadrilateral so immersed cannot have the depths of 
its centres of gravity and pressure in the ratio of 2: 3. 

**11, If a, p, yt 8 be the depthi of the four comers of a quadrilateral 
area immersed in water^ prove that the depth of the centre of pressure is 

a+p+y + 8 Py + ya+«^+ii8 + p8+y8 
2 “ 6h * 

where hie the depth of the centre of gravity. 

Let ABCD be the quadrilateral, the depths of 0, D being 
a, p, y, 8 respectively. 

Let a, ybe the areas of the ti^angles ABD, BCD. .Then since the 
depth of the centres of gravity of ABD^ BOD a^ 


we have 


o 8 

^ 1 xx{a+p+S) + yx{p+y+8) 
8 a+y 




^+^+8-8h «+/J+8-8ft .. 

Now the thrusts on the triangles ABD^ BCD are 

a+p+8 , P+y+8 

g X — 5 — X w and y x — x te, 
o o 

and the depths of their centres of pressure are, by Art. 162, Oor. 
a*+p^+8»+ap+a8+p8 , fi^+y^+S^+Py+yS+dp 

2(o+/3+8) 2(^+7+3) 

Hence, if J be the depth of the required centre of pressure, 


+yw' 


VI * 

= g ix{a*+p^+S^+ap+a8+P8)+y{F+'^+S‘+Py+y8+Sp)] 
i.e,, by equation (1), 

« 1 x{a*+p^+fi+ap+a8+p8)+y{p^+*^+iP+Py+y8+8p 

i»fy)h 

(/9+7+8“8h) (•*+j8*+8*+aj8+a8+jS8) 

{a+p+8-8h) {fi»+y*+8P+py+y8 + 8 p) 
h(y-a) 
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_1 (a-7)[op + ft7 + a8+/Sy+/88+7#]+8fc(7-»)(tt+/S+7+8) 

“S hW-i) 

on reduction, 

_ci+/ 3+7+® tt/9+07 + a8+/97+/S5+75 

*“ 2 “ 6fc 

12. A square, whose side is 2a, is immersed in water, its plane 
but none of its sides being vertical. Shew that the centre of pressure 
lies veitioally below the centre of the square at a distance from it equal 

effective surface. 

13. A square is partly immersed in a liquid so that its plane is 
verti^ and its centre in the surface. Shew that &e centre of 
pressure of the immersed part is always vertically beneath the centre 
of the square. 



CHAPTER X, 


ROTATING LIQUIDS. 

164. A SURFACE of ^ual pressure is a surface such 
that at all points of it the pressure is the same. 

The resultant thrust at cmy point of^a fimd at rest^ or 
of a perfect fluid in motion^ is perpendicular to the svrfebce 
of equal pressure passing through the point. 

Consider any point P in the fluid and take an elementary 
length PQ lying in the surface of the surface of equal 
pressure passing through P. 

Consider an indefinitely thin cylinder, whose axis is PQ. 

y 



The pressure on the ends P and Q are equal, since the 
areas of the ends are the same, and P and ^ lie in a 
Bur&kce of equal pressure. 

Hence the resultant thrust on this cylinder is perpeU' 
dicular to PQ. 
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Similarly it is perpendicalar to any other straight line 
drawn through P in the surface of equal pressure. 

Hence it is perpendicular to thui surface. 

«■ 

165. If a veaself emd the liquid contained in it, rotate 
uniformly aboui d verti&U cade, the free aurfaee of the liquid 
M a pardbohid, Le. the ewrface formed by the revolution of 
a parcMa dbout its axis. 



Let the surface of liquid take the shape of the surface 
generated by the revolution of the curve APK about OA 
the axis of rotation. 

Let a be the uniform angular velocity. 

Oonsider any small element of the liquid at any point 
P of the surface of the liquid, and draw a normal PG to 
the curve. Then the thrust, R, of the liquid on this element 
is in the direction PC, , 

[For the surfaoe generated by APK is in eontaot with, the air 
whose pressure is constant. Hence AFK generates the surfiaoe of 
equal pressure through P and therefore, by the last article, the 
direction of the resultant thrust is perpendicular to Uiis surface.] 

The only other force acting on this element is a force 
mg vwrtioally downwards, where m is the nuiss of the 
element. 

Draw PH perpendicular to the axis A&. 
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Then P describes a circle of radiue NP with angular 
velocity u. ^ 

Hence, by DynamieSf Art. 135, there must be a force 
acting on it along PN equal to . PN, 

This force must be the Iresultant of the iwo forces R 
and mg, 

a 

Resolving vertically and horizontally, we thi;s have 


£ 008 0 .( 1 ), 

and P sin d = mm *. PA.(2), 



Hence the curve AP is such that the sub-normal NG 
is constant. 'Now this is a property of the parabola, in 
which the sub-normal is equal to the semi-latus-rectum. 

[Also it could be shewn, but the proof would requira 
the Integral Calculus, that no other curve possesses this 
property.] 

Hence the curve ilP is a parabola, of latus-rectum 
whose axis is the.axis of rotation. 

0 )^ 

The surface of the watqr, which by symmetry is the 
surface formed by the rotation of the curve AP about the 
vertical, is thus a paraboloid. 

Cor. From the fundamental property of the parabola, 
we have 

PA* = latus-rect. x AA= --. AN, 

■ or 

and this relation ia true for all points P lying on the 
surface. ... 
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166. To find ths preas/wre at my yovnJt of the rotating 
Uquid, 



Let Q bo any point in the liquid. Draw a straight line 
QP vertically upward to meet the surface in P, About 
PQ as axis describe'a very thin circular cylinder in the 
liquid of small sectional area a. Draw Pif, QM perpen¬ 
dicular to the axis AMN of rotation. 

If p be the pressure of the liquid at Qi the vertical 
forces acting on the small cylinder PQ are p, a. vertically 
upwards at Q, and its weight gpa. QP vertically downwards, 
where p is the density of the liquid. 

Since the motion is one of steady revolution, the cylinder 
QP has no vertical acceleration. Hence the vertical forces 
on it vanish, and thus 

pa - gpa. QP-0. 

• • p=gp^QP=gp-MIf 

=^gp{AR-~AM), 

But, by Art. 165, PN* = ^^. AN. 




^p(\9^.QM*-g.AM). 


• • 
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If Q be below as at Q\ then 

and the pressure p (i <■>*. QM* + g . AM'). 

Cor. 1. In the previous article we have neglected the 
pressure of the air. If this be taken into consideration, 
and be denoted by n, we have an additional vertical 
pressure IT. a at P, and the value of p in the preceding 
article must be increased by U. 

Cor. 2. If through each point on the curve we 
draw lines vertically downwards and equal to PQ, their 
ends will all lie on a curve which is of the same size and 
shape as AP. Also the pressures at tlie points thus 
obtained will be the same. Hence 

The ewrfdcee of equal preesii/re are eqttal paraboloide. 

167. Bz. 1. A circular cylinder cloied at the top it very nearly 
filled with liquid^ and it and the liquid rotate with uniform angular 
velocity u about the axit which it vertical; find the total thrustt of the 
liquid on the bottom and top of the cylinder. 



Let BODE be the section of the cylinder by a plane through its 
axis ilO. 

Let the height AOssh, and the radius OD of the base = r. 

When we say that the cylinder is ** very nearly filled with liquid ” 
we imply that before rotation oommenoed &e pressure was just zero 
at the top BAE of the cylinder. When the liquid is rotating it is (dear 
that the pressure is least at At and so the pressure will be still aero 
there. 




ai8 HTDBOSTATICS. 

Dimr ■"puabola FAF with ita nla in Hm direotion OA and 

2(7 

lataa-ieotam . 

dr 

The presBore tki any point of the liquid is thne that dne to its 
vertioal depth below the surface generated by the revolution of this 
parabola. 

(1) The thrust on the base OD therefore 

= weight of the liquid that would oooupy the space between VD 
and thiB paraboloid 

«wl. of oylinder jP( 7 - wt of paraboloid PAF 

swt. of cylinder PO - ^wt. of oylinder PB [Page z. 

=p/», rr* X J pp. ST* X JBP. 

PN*si%,AN, U. 

f 2g 

thruM on OD 

=pp. »r*[DP - JSP]=rpp. i EP\ 

=rgpt» [h+ Jliyr] * w/»r* • 

(2) Again the thrust on BE is upwards, and is equal In magnitude 
to the weight of liquid that would oooupy the volume between BE and 
the paraboloid, and thus 

=wt. of cylinder PB ~ wt. of paraboloid PAP* 

s^wt. of PB=:gp.^rf*.AN 

=^Tpr*«*. 

Ex. g. A cireular eylinder^ wAoss height it h and the radiut of 
fohote bate it r, it initially fiHed with liquid; the cylinder and w 
liquid rotate about the ocii with wngular velocity «; ^nd how muck of 
the ttguid it ^iU. 



CUn lit 


OAn 1. 
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Let VBCP be the fleotion of the eylinder by the plane of the 
paper, tide aaie beii|^ RA.O. 

The free sozfaoe ii a parabola, whose latna-reotam is and it 
mast go through P, P'. 

It is thns a parabola with ?ertex where PN*=i^.ANt and 
henoe ^ 

2g 2g 

(1) Let ^ r*<b, so that , and therefoie A is above 0 as 

' ' 2g r 

in Oase L 

The liquid that has been spilt is that whioE would fill the 
paraboloid PAP‘, and henoe its volnme 

shalf the oylinder whose bilse is PF and heighrff^i 

=J »T* X Nil =: Jirr* X ^ r* 

J Tw*r* 
a * 


(2) If ssk, then NA=NOt and the vertex A of the parabola 
ooincides with the lowest point 0 of the axis. 

(8) If ~>b, then NA>NO, and the point A faUs below 0 as 

in Case II. In this oase the parabola meets BO in two points Q, Q'\ 
and we have 

In this ease the volxune that has been spilt 
svolume of PQQ'F 
s paraboloid ^PF-paraboloid AQQ* 

s:\wPN* X AN-i7rQ(Px AO 


WW*i^ 


“ 4p V “*«?/" L J 
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Bx. t. A ftraight tube AB, of thin v/niform erou-ieetion, rotatet 
with uniform angular velocity w about a vertical axis through the 
lower end A; find how much of the liquid flows mt at the end B which 
is open. 



When the liquid is rotating in relative equilibrium, let P be its 
highest point. Then the pressure of the liquid there is dearlj aero. 

Consider the equilibrium of a very thin section of the liquid nt P, 
whose mass is t?i. It is acted on by its weight mg acting vertically 
downwards, and the reaction B of the tube acting norm^y to it as 
marked, ^ese two forces give it its normal aco^eration m. uflFN, 
where PN is perpendicular to the axis of rotation. 

Beaolving horizontally and vertically, we have 


it 008 a=mw*. PN .(1), 

and B sin a=mg .(2), 


where a is the inclination of the tube to the vertical. 


Henoe, by division, 

t^.PN . g . 

-ascot«, t.s. PN=~oota. 

g tiH 


( 8 ). 


• • aIJl — _• _ ■ — *“5 "T 


COB a 


sin a sin^a* 


GRiis gives the position of the highest point of the liquid. 

It will be easily seen that the liquid above P will flow out. For, 
if there can be any liquid above P, let Q be the highest particle of it, 
and let QM, the perpendicular on AN, equal NP+k, To keep it in 
equilibrium let us assume that a force S must aot on it towards A in 
addition to the normal foroe B\ We then have 

F'oosa+tS Bina=imoP .MQ=mo^ ,NP+mu^k .(4) 

sin a - iSf ooB a s mp.... 


and 
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Eliminating R, we have 

S=(mo^. NP+eib^Xc) Bin a - 008 a 

3smg OOB e +mi 0 *k sin a - oos by (3), 
smoi^ib sina. 

Hence 8 is positive, and hence oni Bupposition is correot; thus to 
keep the element at Q it mast be pulled towards A. But it cannot be 
palled; hence it will move upwards along the tube and pass out at B, 

Similarly for every other particle of liquid above P. 

Ex. 4. A semicircular tube is filled with water^ and rotates about 
the diameter joining its two ends, which is vertical; where must a hole 
be made in the tube so that all the liquid may escape f 



Wherever the hole is made some of the liquid will escape; but aU 
the liquid cannot escape through the same hole, unless the hole is 
made at the point of the tube wWe the last drop of the liquid would 
be fotmd, that is, at the point P of the tube where a single particle 
would be in relative equilibrium. 

If then 0 be the centre, BOA be the vertical diameter, and PN 
be ^rpendioular to Oil, a particle at P of mass m would be in relative 
equilibrium under the action of its weight mg and a force B along 
PO. 

The resultant of these two rnhst thus be rnb^.PN along PN. 

Hence, if A0Ps=dt we have, by resolving horizontally and 
vertically, 

Bsmdsimta^.PN, 
and RooB0ssmg. 

/. tantf=~.PJf; 

0 

ONssPN ooi$=~, 
ftr 

and this gives the depth below 0 of the required point P. 
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EXAMPLES. JJfXa. 

'1. A closed right oironlu cylinder Is very nearly filled with 
water» and is made to rotate about its axis which is veitioal; find 
the angular velocity when the whole thrust on the base is hidf as 
much again as when the liquid is at rest. 

2. A closed droular cylinder is just filled with water, and rotates 
about its axis which is vertical; if the total thrust on the bottom is 

fiTc times that on the top, pioTe that the angiilar Yelooity ia 

where a is the height and r is the radius of the cylinder. 

8. If in the previous question one thrust is n times the other, 

• 2 
then the angular vriooitv is - 

4. A right droular cylinder, open at the top, is flUed with water, 
and the whole of it ievolves with uniform angular velocity w about 
its axis. If not more than half the water is spilt, find the pressure 
at any point of the base. 

h 

6. A hollow cone, very nearly filled with water, rotates uniformly 
about its axis which is vertical, the vertex being uppermost. If the 
pressure on the base.be equal to six tunes the weight o f the enclosed 

water, prove that the angular velocity is where a is the 

radius of the base and 2a the vertical angle of the cone. 

6. A oylindrloal vessel, half full of water, ie made to rotate about 
its axis which is vertical. Find the greatest angular velocity that may 
be riven to it without the water being spilt^ and diew that t^ centre 
of me base will be then just exposed. 

7. A cylinder, of radius a, is just full of water, being closed a 
heavy lid which can turn about a point on its rim; prove that the lid 
will be lifted op when the cylinder and water are rotating with angular 
velocity «# about the axis of the cylinder, if its weight be less than 

^ where g is the density of water. 

8. When a cylinder, open at the top and half foil of liquid, 
revolves with angular velocity 0 about its axis, which la vertical, the 
liquid just reaches the upper rim; prove that the angular velocity in 

order that ^th of the liquid may remain in the cylinder is Q Jm, 
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0. A eironlar tube is hall foil of liquid and is made to revolTa 
roand a vertioal tuigent line with angnlar velooity w; if a be the 
radios of the tobe, prove that the diameter passing throngh the free 

•orfaoeB of the liqoid is inolined at an z tan~^ ~ ^ to the horizon. 

* 9 

10, * A qnantity of water ooonpies a qoadrant of a fine circular 
tube of given radius a. When the tube rotates with uniform angular 
velocity w about a vertioal diameter, the highest point of the water is 
at an angular distance of 60^ from the highest point of the tube. 

Provo that «*=^ ()s/8 + l). 


11. Liquid is oontained within a oiroular tube in a Tertioal plane 

which can rotate about a vertioal diameter. If the liquid subtend an 
angle 9 at the centre, tile least angular velocity to make it divide 


into two parts is 



12. A heavy liquid is contained in a oiroular tube, of radius a 
and of fine bore, the -liquid filling one-fourth of the tube. It is 
set rotating about a vertioal diameter with angular velocity w. If 

20«ys # 

w*= ~ , shew that the level of the liquid will just rise to the 

horizontal diameter whilst the depth of the free surface below the 
centre is aji. 


13. A circular tube, of radius a and small cross section, contains 
a quantity of water which would subtend an angle of 30** at the 
centre. It turns about the vertioal diameter'with angular velocity 

f shew that the highest point of the water is at the end of the 

horizontal diameter, the whole of the water being on one side of the 
vertioal diameter. 


14, A tube, of small section, is in the form of three sides of a 
square of which the middle one is horizontal; it is filled with water 
and revolves about a vertioal axis through the middle point of the 

horizontal side; prove that no liquid escapes unless «*> 

that, if this be so, t he amo unt, that escapes would fill a length of the 

tube equal to a • where a is the side of the square. 

15. In the previous question, if the tube revolve about a vertioal 
side, prove that the amount which will fiow out would fill a length 






aMordingas 
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16. A eylinder, of radius a and height contains a liqnid of 
dep^ &. If the cylinder and liquid revolve about the axis, which is 
v^iod, diew that the greatest angular velooity in order that no 
liquid may flow out is 

;•/»(*-») 

according as b is > or < 


17, A onbioal box, open at the top, whose base is horizontal is 
fllled with water and made to rotate about a vertical axis through its 
centre. 11 the centre of the base be just uncovered, shew that the 


angnlar velocity is y 


where a is the side of ihe oube. 


18. A conical vessel, of height h and vertical angle 2a, contains 
water whose volume is one-half that of the cone; if the vessel and the 
contained wtfter revolve with uniform angular velooity w, and no water 


overflows, shew that w must be not greater than 



19. A vessel, in the form of a hemisphere of radius a, is full of 
liqnid, and is made to rotate with uniform angular velocity w about 
the vertical radius of the bowl; how much of the liquid runs over ? 


20. A vessel In the form of a right cone with its vertex down¬ 
wards is filled with liquid and revolves with uniform angular velooity 
w about the axis; if A be the height and 2a the vertical angle of the 
cone, shew that the amount of the liquid that is spUt is 


provided that 


1 

I ~J~ 


tan^a, 



21. A vessel, in the form of a pSrtion of a paraboloid of revolu¬ 
tion formed by the revolution of a parabola of latus-rectum 4a about 
its axis, is filled to half its height with liquid; what is the greatest 
angular velooity with which it can revolve about its axis so that no 
liquid is spilt? 

22. Water is contained in a cup formed by the revolution of a 
parabola about its axis; the water and cup revolve wi& uniform 
angular velocity c# about the axis; if the latus-rectum of the 

2a 

parabola be <^, shew that all the water would escape through a 
hole at the lowest point of the cup. 
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23. A hemiipherioal bowl, just ftill of water, la inverted and 
placed with its month downwards on a smooth horizontal table, so 
that no water escapes nnder the edge of the bowl. The vessel and 
contained liquid is then made to rotate with angular velocity and 
the vessel is on the point of rising; prove that its weight is to the 
weight of the contained water as 

4g + S(i^a : Bg, 


24. A cup in the form of a paraboloid of revolution out off by a 
plane peqpendionlar to the axis is just filled with liquid, and placed 
with its vertex upwards on a horizontal plane. The whole is made to 
revolve about the axis of the cup; prove that the liquid will escape 


when the angular velocity exceeds 

weights of the cup and liquid, and 4a is 
parabola. 


. where W, w are the 
IS 

the latus-rectum of the 


25. A circular cylinderf cf radiut r, u floating freely in water 
with it§ axi$ vertical. At firet the water it at rett H it then made 
to rotate oiout an axU coinciding with the axU of the cylinder with 

angular velocity w. Shew that in the teeond cue an extra length 

of the turfaoe of the cylinder it wetted. 



Let h be the height of the cylinder, p its density and v that of the 
water. Then in the first case a height - h is wetted. 

In the second case let the water meet the cylinder in a circle of 
radius NP. 

If we draw through P, P* a parabola PAP whose latus-rectum is 
^ and whose axis is that of the cylinder, this is the section of the 
free surfaee. 
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Then PN^s^.AN, i.e. AN=~. 

fcr 2ff 

It X be the length CP of the portion of the surface which is now in 
eontaot with the water, then 

weight of the cylinder 
s weight of the displaced water BPAPO 
* [er** - volume of PAP*} 

=a[Tr^x-vf*.^AN}. 



26. A cone, of semi-vertical angle 80° and of height h, floats with' 
its axis vertical and vertex downwards in a liquid whose density is 
one-third greater t!(ian its own; idiew that the rim of its base wiU be 

just immersed if the liquid rotate with angular velocity 

vertical line ooinciding,with the axis of the cone. 

27. ^ tmaU cort, of mass m and sp. pr. is tied by a fine string 
of length I to a point tn the sPie of a vasel containing water. When 
the system is revolving in relative equilibrium with constant angular 
velocity about a vertical axis, shew that the tension of the string is 

where h is the height of the cork above the point of 

ment. 

Let y be the horizontal distance of the cork from the axis of 
rotation. The pressure produced by the surrounding liquid on the 
cork will be the same as would act on the liquid which would 

occupy the same space as the eork. The mass of this liquid is —, 

e 

and the pressure would balance its weight — p and provide the 

necessary force —t/Py toward the axis. These two forces, together 
o 

with thp tension T of the string and the weight mg of the cork, must 
provide the neoessi^ normal acceleration toward the axis. 
Hence, if be the iholination of the string to the vertical, 

2* cos 0 


mlg / j 
attack 




about a 


and mei’y-c—Tain 0............ (2). 

(T 

From 0) we have the required result 
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28. A fmall splieri (sp. gr. > 1) is attached by a atring of length 2 
to a point in a vertical axi^ about which a mase of water is rotating 
with uniform angular velocity w. The sphere is immersed in the water 
and ic in relative equilibrum; drew that there is a position of equi¬ 
librium in which the string is not vertical, provided that u> , 
in which case the position is one of stabililgu 
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OHAPTEB XI. 

MISCELLANEOUS PROPOSITIONa 

168. Surface of Buoyancy. If a body, which is 
floating in a liqui(j[, move about so that it takes up in 
succession every position in which the volume of liquid 
displaced by it remains unchanged, the locus of the Centre 
of Buoyancy of the body is called the Surface of Buoyancy. 

If the body be a lamina, or if it be so displaced 
that the Centre of Buoyancy always remains in the same 
plane, its locus is called the Curve of Buoyancy. 

The section in which the surface of any liquid cuts a 
body which is floating in it is called the Plane of 
Floatation. 

169. The tangent plane at any point of the surface of 
buoyancy is parallel to the correspondiity plam of floatation. 

Consider the> case of a cylindrical body whose cross 
section is the curve ABA\ 

Let AC A* be the original plane of floatation and H the 
corresponding centre of buoyancy, i.e. the corresponding 
centre of gravity of the displaced fluid ABA\ 
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Let the body be tamed throngh a small angle, so that 

a/Ca* is the new plane of floatation, and so that the volume 

immersed remains the same, 

% 

is. so that volume ACa - volume A'Ca' = V* (say)- 



Let V bo the volume of aBA'C^ and the centres 

of gravity of the volumes ACa^ A'Ga respectively. 

Join GxN and produce it to so that 
G^HiUKii F: F'. 

and /. rx^iJJ=Fx£'yr.(1). 

Hence, as in Statics^ Art, 116, A is the centre of gravity 
of the volume aBA'C. 

Join KG it and on it take E* such that 

KE : EQi :: r : F .(2). 

Hence FxiTH'^ F'x 

and hence R* is the centre^ of gravity of Y ixX, K and F' 
at Git 

ie. H' is the centre of gravity of aBA'ai and hence is the 
new centre of buoyancy. 

By (1) and (2), we have 

Oja 7 OiH' 

and thus, by Geometry, is poiallel to HE'. 
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If now the angle ACa^h& made indefinitely small, the 
points H and II* become consecutive points on the surface 
of buoyancy, and the line ultimately coincides with 
AA\ 

Hence ultimately the tangent plane to the surface of 
buoyancy at H is parallel to the corresponding plane of 
fioatation AA\ 

170. A proof similar to that of the previous article 
will apply to the case of any floating body whether 
cylindncal or not In the general case we shew similarly 
that the line joining H to any consecutive point H* on the 
surface of buoyancy is parallel to the plane of floatation. 

171. The positiom of equUihrxum of a floating hody 
wre fownd hy dratoing normals from the centre of gravity of 
ihe hody to the swrfice of buoyancy. 

For, in the first figure of Art. 169, GH is vertical 
(Art. 67) and is therefore perpendicular to AA'; hence, by 
the result of Art. 169, OH is perpendicular to the tangent 
plane at H to the surface of buoyancy. 

Hence GH is a normal to the surface of buoyancy at H 

The possible positions of equilibrium for any floating 
body are thus found by drawing normals from the centre 
of gravity of the body to the surface of buoyancy. 

172. The Metacentre is the centre of cwrvodwre of the 
point H of the cwrve of buoyancy. 

For, in Art: 68, we defined the metacentre M as the 
intersections of the verticals through H and a consecutive 
centre of Buoyancy JET', 

But, by the last article, these two Terticals are the 
nbnnals to the curve of buoyancy at H and H, 
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fience the metacentre M is the intersection of the 
normal at if to the curve of buoyancy with the consecutive 
normal at 

•% 

is. M is the centre of curvature at H of the curve of 
buoyancy. 


173. Fariwidw cases of the Curve of Butyyamcy. 

If the body in Art. 169 be a triangle PQi? partially 
immersed in liquid with its vertex P in the liquid and the 
base QR entirely outside the liquid, the plane of floatation 
cuts off a triangle FAA' whose area is constant. 

The corresponding centre of buoyancy il is on the 
straight line PD, where JO is the midiUo point of and 
pir=}pp. 

If LV be drawn horizontally through II to meet PQ, 
FR in L and Z', then 


P//’ 4 

area FLV = x area FAA! = ^ x area FAA! - const. 


Thus LL* cuts off a constant triangle FLL\ and hence 
we know, from the properties of Conic Sections, that Lll 
always touches at its middle point E a hyperbola whose 
asymptotes are PZ and PZ'. 

The locus of ZT, is, the curve of buoyancy, is thus in 
this case a hyperbola of which the immersed sides of the 
triangle are asymptotes. 

In the case where the body immersed in the liquid 
is a rectangle, it can be shewn that the curve of buoyancy 
is a parabola. 


174. Position of the JEstacentre. The determination 
of the position of the Metacentre is beyond the limite of 
this book. 
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In the case where the body is a symmetrical one, and 
the displacement is such that the point C in the figure of 
Art. 169 is the centre of gravity of /the plane of floatation 
ACA\ it can be shewn that the distance HM [Fig. Art. 67] 

A.V 

V * 


where A = area of the section AG A' of the body made by 
the plane of floatation, and V = volume of the immersed 

portion of the body. 


When the section of the body by the plane of floatation 
is a rectangle,[including the case of a straight line when 

the body is a lamina], . 


* 

When the section is a circle, ~ 


C^ 
4 • 


In general the determination of is a problem requiring 
the use of the Integral Calculus. 

[The quantity A. is what, in the Dynamics of a 
Rigid Body, is known as the Moment of Inertia of the 
Plane of Floatation about a line through C perpendicular 
to the plane of the paper.] 


175. Assuming the result of the previous article, we 
can find the condition of stability in some simple cases. 

Bz. 1. Cvhe^ of side 2a and density pt floating in a liquid of 
density <r, 

a* 

Here iL=4aS V=ia^x, where s=the depth immersed 
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Henoe the eqoilibriam is stable for a small angular displacement 
if ' HM>HG, 


i.e. if 


o* X 


a* 2a*p 2a*p* 
_ > 


<•«. if , 

6 tr ff- 
i.s. if o*>&p (it - p). 

Ex. 2. Circular cylinder^ of radius r and height h, whose density 
is pt floating with its axis vertical in a liquid of density a. 

If * ^ He the length immersed, 

V irr* X * 4* 


Hence the equilibrium is sUble for a small angular displacement 
if 


i.e. if 
t.e. if 


^ h X 
2 ’ 


r»>2;i» 


B-a- 


Ex. 3. Cone^ of density p, whose height is h and the radius of whose 
base is a, floating with its axis vertical and vertex downwards in a 
liquid of densitij a. 

If X be the length of the axis' immersed, and h be the radius of 
the section by the plane of Hoatation, then 

= ^ira%pf and “ — ^ • 

so that x^<r=ih*p. 

Also A=Tb^, r=^jr&*4?. 

Ah's ZVs 8 a* 

’*• r'“4a!"4A3®* 

Henoe the equilibrium is stable if 

i.e, if 


S a* 8h 3x 
4fc**^T"T* 


t.«. if 
i.e. if 


«>hx t.e.>AooB*tt, 


^> 008 ” a, 


p s* 

where a is the semi-vertical angle of the eone. 



384 


BYDROSTATIOS. 


EXAMPLES. XXXm. 

1, A rectangle, of rides 2a and 2& and of density p, Is floating 
with the side 25 vertical in a Uqnid of density tr; shew that the 
eqnilibrinm is stable for a small angular displacement if 

a* p p* 

2, A uniform rectangular block, of sp. gr. 4/ floats in water 
with one edge vertical. If h be the length of the shortest horizontal 
edge and c that of the vertical edge, prove that for stability 

3, A oironl^r cylinder floats with its axis horizontal in a liquid 
of twice its own density; it is displaced in a vertical plane through 
the axis; shew that its equilibrium is stable if its height is greatw 
than the diameter of its base. 

4, The cone in Ex. 8 , Art. 175, is floating with its vertex up- 
wards; prove that the equilibrium is stable if 

p <«’(!-cos* a). 

5, In a ship, of total displacement M tons and metooentrio height 
h feet, a gun of mass m tons is moved a distance of I feet across the 
deck; ^rove that this will cause the ship to heel over through a small 

mZ 

angle whose circular measure is approximately ^. 

[The metaoentrio height is the height of the metaoentre ajbove the 
centre of gravity of the ^y, i.e. QM in the figures of Page 82.] 

6, In H.M.B. Achilles, a ship of 9000 tone displacement, it was 
found that, when 20 tons was moved through a distance of 42 feet 
from one ride of the deck to the ot^er, the bob of a pendulum 20 feet 
long was caused to move through 10 inches. Shew that the meta* 
centric height was 2*24 fee,t. 

[This example and the previous one shew how the metaoentrio 
height of a ship may be experimentally determined.] 
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TENSIONS OF VESSELS CONTAINING FLUIDS. 

176. Suppose a cylindrical vessel to be formed of some 
thin flexible substance, such as silk, and to be filled with 
gas at a certain pressure which will bo the same throughout. 

Consider any length AB of the surface which is in the 
direction of the axis of the cylinder. It is clear that the 
pressure of the gas will cause a tension in the silk and, by 
symmetry, the action across AB must be perpendicular 
to AB. 



If T'is tho total force that must be exerted perpendicular 
to AB to keep together the two parts on each aide of ABy 


T 


then the quantity i.e. the force required per unit of 


length, is called the tension across AB and is generally 
denoted by i. 

It the silk be not stronj; enough to bear this tension (, 
it will be tom asunder. 


177. In many cases the total action on such an 
element as AB is not perpendicular to In this case, 
in addition to the force just spoken of, there is a tangential 
action, or shearing stress, along AB. We shall not however 
consider any cases in which this tangential action exists. 
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178. A vmd in the form of a eireular cylinder, with 
its axis vertical, is filUd with liquid; find the tension at <my 
point of it. * 

Let ABCD be the cylinder, and let PRQ, FRQ' be 
two horizontal very near sections of the cylinder. 

Since PF, QQ' are very small, the pressure at any 
point between the two sections may be treated as constant 

(=p 8»y)- 

Let t be the tension across PF, or Q(f ; it is clear that 
t will be the same at all points on the same horizontal 
sectioa 


Consider the equilibrium of the semi-circular portion 
bounded by PF, QQ' and the two semi-circles PRQ, FRQ\ 
It is acted upon in a horizontal plane by the tensions 
t . PF and t. QQ' across PF and QQ' in directions per¬ 
pendicular to the plane of the paper, and by the resultant 
horizontal pressure on PFRQ^RP. 

This latter is, by Art. 52, equal to the horizontal 
pressure on the rectangle PQQ'F, and thus 

= PQx PF X p. 

Hence 2<. PF=PQ x PF x p, 

FQ 

where r is the radius of the cylinder. 
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Cor. If the cylinder be iilled with a gas, the pressure p 
is practically constant throughout, and the relation t=^pT 
is then true even if the axis of the cylinder is not vertical. 

179< A aphrrical surface of radius r contains gas at a 
given pr^swre p; if t he the tension of the surface at any 
pointy then 2t=p.r. 

The tension t is constant by symmetry. 

Take any plane through the centre of the sphere and 
let it meet the sphere in the circle ACA'D, Consider the 
equilibrium of the hemisphere ACA'B cut off by it. 


T 



At every point of ACA* there is a tension t acting 
perpendicular to the plane AC A’. 

IX 2iir = force perpendicular to the plane AGA\ 

This must be balanced l)y the resultant pressure in the 
same direction. 

Now the pressure on a small element a of area at P 
perpendicular to the plane AG A* 

s a X p sin POA =» p X a cos PTA^ 
where PT is the tangent at P, 

sp X projection of a on the plane ACA'. 
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Similarly for every other rach small element, 

resultant pressure on ABA* perpendicular to the 
plane AC A* 

=sp X whole projection of ABA' on the plane AG A* 
=s|> X area ACA' =:p x irr*. 

Hence I x 2irr=p x ttt*, 
t.s. 2^ =p . r. 

By a comparison of the results of Arts. 176 and 179, it 
follows that if we have a cylindrical Yessel and a spherical 
vessel of the same radius, and containing gas at the same 
pressure, then' the tension of the former is twice that of 
the latter. Hence the former must be made twice as 
strong as the latter to withstand the same pressure. 

180. In both Arts. 178 and 179, when the surface is 
subjected to an internal pressure p and an external pressure 
Q, we must instead of p read p — H. 

181. When we have a cylinder made of a substance 
of small finite thickness we must, in considering its strength, 
take into account its thickness also. Thus, if we are given 
that a substance will bear a tension of r per unit of area, 
then in the case of a thickness c of the substance we have 

Bz. tentiU itrength of a metal it 16000 Ibt. per tq. ineki 
find the fluid preuure per tq» inch that mil jutt burst a spherical 
veud of that matsrialt its radius being one foot and its thickness 

^ inch, 

Hert ^ 

Hoioe ihs formula 2t»pr gives 

j>xia» 2 xl 600 = 820 a 

•, p3s8^JiiMa66) lbs. wt. per square inch. 
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1. Two boilers hare iilemispherioal ends; the radius of the first 
is three times that of the second and it is twice as thick; find the 
ratio of the greatest pressures that they can withstand. 

2. certain metal can bear a tension of 12000 lbs. per square 
inch; find what ilmd pressure would just burst a uylindrioal pipe 
made of it, the radius of the pipe being 6 inches and its thickness 
a quarter of an inch. 

3. A pipe 8 inches in internal diameter is used for transmitting 
water to a height of 200 feet. If the metal of which the pipe is made 
will only bear a strain of 10000 lbs. per sq. inch, find the smallest 
thickness that the pipe can have, the weight of a cubic foot of water 
being assumed to be 62^ lbs. 

m ^ 

4. An india-rubber ball containing ajr, has a radiqs a when the 

temperature is 0° 0. If the tension of the rubber is always fi tunes 
the square of the radius of the bali, hnd the radius when the 
temperature is (°Gt ^ * 
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mSOELIiANEOTTS EXAMPLES. 

1, The Bp. gr. of ioe is *93 and that of sea water is 1*025. What 
depth of water will be required to float a oubioal ioe-berg of side 100 
yards? 

2, A piece of wood, weighing a kilogramme, floats in water with 
|thB of its volume immersed; find the density and the volume of the 
wood. 


3. A piece of wood, of sp. gr. is floating in oil, of sp. gr. *64; 
what fraction of its volume is immersed? 

I 

4. A wide-mouthed bottle, full of air, is closed by a well-ground 
glass stopper, 5 cms. in diameter, the barometer standing at 772 mm.; 
what weight must the stopper have in order that it may be just lifted 
if the barometer goes down to 730 mm., the temperature remaining 
unaltered? [1 o.o. of mercury weighs 18*6 grammes.] 

5. In the experiment of Archimedes, Hiero’s crown, together with 
masses of gold and silver equal in weight to the crown, were weighed 
in water in sacoession. The crown lost -^th of its weight, the gold 
and the silver X. In what proportion fay weight were gold and 
silver mixed in tne crown? 

6. A closed cubical vessel, with sides one inch in thickness, is 
made of material whose sp. gr. is If the vessel can float in 
water, shew that its internal volume must be at least 1000 oubio 
inches. 


7, A body is composed of a hemisphere, of radius r, with a cone, 
of height 2r, on the same plane base. In a liquid of density it 
floats with the whole body just immersed, and in a liquid of density 

with the hemisphere jnst immersed; prove that 

8, A cylinder, loaded so as to float vertically and weighing 
2 gnunmes altogetW, just sinks in water when half a gramme extra 
is put on its top; otherwise it protrudes 7 oms. above the surface. 
What length will appear above the surface of a liquid whose density is 
five times of water, if the qylinder bo set floating in it without the 
extra load? 

9, An empty balloon with its oar and appendages weighs in air 
1200 lbs. If a cubic foot of air weighs oas., how many oubio feet 
of gas of sp. gr. *62 times that of air must be introduo^ before it 
be^^s to aseend? 
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10, A glaaa tnmbkr weigha 8 oza.; Ita ezternal radina ia inohea 
and its height ia 4^ inchea; if it be allowed to float in water with ita 
axis vertieal, find what additional weight mnat be placed in it to 
sink it. 


rod of cork 8 ins. long and a rod of lignura vitas 4 Ina, long 
are joined together to form a straight rod, one foot long, of uniform 
seotion. When the rod floats in water it is found that it can rest with 
part of the cork above the water and its axis inolined at any angle to 
the vertical. If the sp. gr. of cork be *24, find that of lignum vitas. 

12. A piece of wood weighs 6 lbs. in air; a piece of lead which 
weighs 12 lbs. in water is fastened to it and the two together weigh 
10 lbs. in water; what is the sp. gr. of the wood? 

13. A body, of sp. gr. p, floats half immersed in a liquid, but is 
three-quarters immersed in a mixture of equal volumes of the liquid 
and water. Neglecting the atmospheric pressure, find p. 

14. A retort, of 3 litres capacity, and with its open end sub¬ 
merged 8*4 oms. below the surface of water in a trough, !s seen to be 
completely full of air on a certain day. Next ilay the mercury 
barometer is observed to h^ve fallen 2 cms. to 74 cuts. There being, 
no change of temperature, how much of the air originolly in the retort 
has by this time babbled out? [Sp. gr. of mercury=13*6.] 

15. The length of a barometer tube is 80 inches and its diameter 
half an inch, except for one inch of its length where a cylindrical tube 
is inserted so as to increase the diameter of the tube to 3 inches. The 
bottom of the bulb is 27 inches above the mercury in the tank. The 
lower half of the bulb, and the tube below, contain mercury, and 
the upper half of the bulb and the tube above contain water. If the 
mercury barometer rises *6 inch, through what distance will the upper 
surface of the water move, the sp. gr. of mercury being 13*67? 

16. A balloon ia filled with a gas whose sp. gr. ia ^^th that of air 
at a pressure of 760 mm. of mercury. Compare the lifting power of 
the balloon when the barometric height is 760 mm. with the lifting 
power when the height is 760 mm. The temperature of the air is 0° 0. 

in both oases, and ihe Tolume of the balloon is unaltered. 


17. A sphere of radius r and weight tn^kw, where w is the weight 
of unit volume of water, is placed in and fits a vertical cylinder, of 
height hf which is open to the air at the top and^ closed at the 
bottom. When the sphere is in a position of equilibrium, shew that 
its centre is at a depth « below the top of the cylinder given by the 
equation 

where JST ie the height of the water>barometer. 
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18. A vesBd A oontaiiiB « quantity of liquid of ep. gr. p, and a 
second cask an equal quantity of liquid of sp. gr. r; one nth part of 
eaoh is taken out and put into the other and mixed; toe prooess 
is repeated m tones; shew that toe final speoifio gravities an 

19. _ A oyUndrioal vessel, of radius r and height k, Is three-fourths 
filled with water; find the largest cylinder, of ra^us Vi (<r) and 
sp. gr. e, which can be floated in the water without causing any to 
run over. 

20. A triangle ABO is immersed in a fluid with one side BO in 
toe surface; find a point 0 within toe triangle such that if it be joined 
to toe angidar points toe thrusts on the t^e triangles thus formed 
may be equal. 

21. A right circular Qylinder contains liquid; a right solid cone, 
the base of which exactly fits toe cylinder, floats in toe liquid vertex 
downwards if toe density of toe cone be such that its centre of 
gravity is in the surface of toe liquid, find the ratio between the 

densities of the cone and liquid, and toe distance through which the 
surface of toe liquid fall when toe cone is removed. 

22. A solid hemisphere, whose radius is three inches, Is held 
under mercury with its base vertical and its centre 6 inohes below the 
surface of the mercury. Assuming toe weight of a cubic inch of 
meroury to be w, find the direction and magnitude of the resultant 
thrust on the curved surface. 

23. Four equal uniform rods are joined together to form the sides 
of a square and the square is set floating vertically in a liquid. If the 
density of the liquid lies between three and four times that of the rods, 
toew that toe square can float with one comer only immersed and 
with neither diagonal horizontal 

24. From one arm of a balance hangs a large bucket containing 
water, and from toe other a weight W of ap. gr. s, which is entirely 
immersed in toe water in the buoke| and does not touch the bottom. 
If there is equilibrium, and if IT' is toe weight of toe bucket and 

2W 

water, prove that a = ==;. and that toe volume of the water is 

rr ** Fr 

9W^ 

m m weight W. 

Ir “ tr 

25. A oylinder is floating in a liquid; a hollow vessel is inverted 
over it and depressed so that toe pressure of the air inside is increased 
from n to n'; wlmt efleot is produced in the position of the oylinder 
(1) with reference to toe fluid in the vessel, and (2) with referenoe to 
toe surface of the fluid outsidet 
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26. ABO is an isosoeles triangle, right-angled at A^ composed of 
two heai 7 rods AB^ AC hinged together at A and a string BO without 
weight floats with the angle A immersed in water. Shew that the 

tension of the string is W where 2a3:length of a rod, 2bslength 

immersed and TF=weight of each rod. 


27. 4 contains layers of equal thickness h of different 

fluids which do not mix and whose densities are in a.p. A cone, 
the length of whose axis is 8h, floats in equHibrium (1] with its 
vertex downwards and its base in the upper surface, and (2) with its 
vertex upwards and its base in the surface between the second and 
third liquids. Shew that the densities of the cone and the liquids are 
in the ratio of 81 : 80 :83 : 36. 

28. A circular cylinder, whose height is A and whose sp. gr. is s’, 
is partially immersed in water with its axis vertical, being held up by 
an elastic string which has one end attached to the" middle point of 
the upper base of the cylinder and the other 'end attachdil to a point 
vertically over this middle point. If the uustretohnd length, a feet, 
of the string be just sufficient to allow the lowep end of the cylinder, 
to touch the water, and the coefficient of elasticity be n times the 
weight of the cylinder, shew that the depth to which the cylinder is 

,. hair 

immersed IS -r -. 

nha+a 


29. A cylindrical diving bell of volume 450,000 cub. cms. is 
lowered into water to a depth of 1700 cms. and it is then found that 
an addition of 750,000 cub. cms. at atmospheric pressure is required 
to fill the bell. Find the height of the water barometer and the 
pressure on the surface of the water inside the beU in dynes per sq. 
cm., the value of g being 980. 


30. A U-tube with its legs vertical and at a distance o apart 
contains mercury and is whirled round one of the legs as^ axis with 
unifomi angular velocity w, the cross sections of the legs being <ri and 
S’,. Shew that the mercury in thS revolving leg s, will rise above the 

mean level by an amount —^ . 


31. If a man of weight w stands at the middle a uniform 
plank, of weight W and of length a and thickness b, which is floating 
in water, it is found that two-thirds of the volume of the plank is 
immersed. Shew that he can walk the whole length of the plank 
without any part of the upper surface becoming immersed, provided 
.w, , 9 a*- 106 > 

•• “* =*46?-+48p- 
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45. A conical shell is divided by a plane throngh its axis into two 
halves, which are binged at the vertek, and stands on a smoo^ table. 
If water can be poured in throngh a small hole at the vertex till the 
cone is quite full, prove that the ratio of the weight of the water to 
the weight of the diell must be less than ^h of the fractions I and 
4sm>a 


46 . A hemispherical lAell is floating on the surface of a liquid; 
if the greatest weight that can be placed on its rim be n times the 
weight of the hemisphere, shew that the ratio of the weight of the 
hemisphere to the weight of the liquid it could eontain is 

(1-Bina)*(2+Bma) : 2(n+l), where tanas2n. 

[N.B. The volume of the portion of a sphere of radius a which is 
out off by a plane at a distance x from the centre is ~ (a-«)^(2a+«).] 

I 

47. Given the heighji h of the water-barometer and the sp. gr. x 
of mercury, fiqd the height at which a mercury-barometer will stand 
in a diving-bell with its top at a given depth a of water. 

• . 

How wiU this be affected if a block of wood be floated inside the 
bell, (1) if the wood comes from outside, (2) if it falls from a shelf in 
the interior? 

48. A diving-bell stands on the floor of a dock with a height h of 
its upper part occupied by air. The weight of the beU is equ^ to the 
weight of water that would fill it to a height a. Shew that, as it is being 
hauled up by the chain, it will become buoyant at a certain stage and 
rush up to t^ surface, if the ratio of the depth of the dock to the height 

of the water-barometer exceed -—- t -1, where 9 is the density of 

P ^ 

water and p that of the iron of wmoh the bell is made. 

[The height of the bell, and hence also h, are to be considered as 
small quantities compared with the depth of the dock and the height 
of the water-barometer.] „ 

49. A body floats at the surface of water, the volume of the part 
not immorscd being cA ; a diving-bell, of height 6 and oross-seotion d, 
is placed over it and lowered till the top of the bell is at a dii>tance a 
below the smiace of the water. The volume of the part of the floating 
body now not immersed is {e+ya)Ai shew that y is the positive root 
of the equation 

(h - a - e) y - c* (a -I- 6)=0, 

where h is the height of the water-barometer and r is the sp. gr. of 
the air, supposed sr^. 
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50. A itraighi lube, making an angle a ^th the Tertioal, ia filled 
with liquid of density p, and Totatea with angular velocity u about a 
vertical azia through its lower end which ia closed. If the atmospheric 
preBBUxe ia n, prove that the greateat length of the tube so that no 
liquid flowa out ia 

gp eoB g 4-w Bin g j2Tlp 
w’p sin^a 

* [The preaanre muat not be negative at the point where It ia least.] 


51, A Bolid cylinder floats in water in a cylindrical vessel, and 
the system rotates about the common axis of the cylinders with 
angulu velocity ta. If it, r be the radii of the vessel and cylinder, 
prove that the <^lindei ia depressed by the motion through the space 

'' II 

52. The embankment of a reservoir is* composed of thin hori- 
aontal rough slabs of density p, whose coefficient of fridtion is ft. The 
top of the embankment is a feet wide, and tb^p side in contact with 
the water is vertical and na feet deep. Shew that the slope of the 
outer side to the horizon must be less than either of the angles 


oof* 



and oof* 



1 3' 

2p'*'2ft“ 



53. Express the pressure of the atmosphere in absolute units 
when a yard, an ounce, and a minute are the fundamental units, 
given that the height of the barometer is 30 inches, that the sp. gr. of 
mercury is 18, and that a cubic foot of water weighs 1000 ounces. 

[N.B. The dimensions of the unit of pressure are 1 in mass, -1 in 
length, and - 2 in time.] 


64. If the attraction of the Earth at a depth « below the surface 
were a+b«, prove that the pressaie at that depth in water would be 
pias+^bs*) where p is the density of water. 


55. A cylindrical block of wood of length I and sectional area a 
ia floating with its axis vertical in a lake. U it bo pushed down very 
slowly till it is just immersed prove that the work done ia 



I 


where p, v denote the densities of water and wood respectively. 
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56. A eylindrieal piece iji wood of length I and eeetional area a is 
floating with its axis vertical in a oylmdricol vessel of sectional area A 
which contains water; prove that the work which is done in very 
dowly pressing down the wood till it is just oompletdy immersed is 



f 

P 


where p, e denote the densities of the water and wood respectively. 


57. Shew that a thin nniform rod will float in a vertical position 
in ntable equilibrium in a liquid of n times its own density if a heavy 
particle be attached to its lower end of weight greater than Jn-1 

times its own weight. 

58. A cone, whose vertical angle is a right angle, of s.p. gr. ^ and 
weight IT, floats in water with its vertex downwards. If a weight w 
(very email compared with W) be attached to a point of the rim of the 
base, prove that the circular measure of the angle at which the axis is 
inclined to the ve.'tioal is very nearly 

^ !IL 

8[«y4-i] 

4 

59. A hollow eironlar cylinder, of radius a and height h, floats in 
a liquid of density p and is fiU^ to a height h' with a liquid of 
density #; if its weight be nraPhpt find the condition of stability. 


60. Find the corresponding condition for a hollow cone of height 
h and semi-vertical angle a, floating with its vertex downwards, if its 
weight be ^irpnh^ tan* a. 



APPENDIX. 


The Student wlio is acquainted with the Integral 
Calculus, and the methods of finding the centre of gravity 
of bodies by its use, or of finding the centre of action of 
parallel forces, may determine the position of centres of 
pressure in the way shown in the followiilg cases. 

Rectangle. In the figure of Art. 1.56, let AAr = Xi 
and let A^Af^i be a small increment dxolx. Then the area 
ArDf .^,1 is a X (Zx, and since the pressure on each point of it 
is practically the same and equal to wxxj the thrust on 
this element is uiox x dx. 


Hence, as in Statics, Art. Ill, and by the principles of 
the Integral Calculus, 


^awxdx X X 
%awxdx 



awa^dx 

awxdx 



1 
3 

6 * 

2 





Triangle with Its vertex in the surface and base 
horisontal. In the figure of Art. 157 let ADf»x, and 
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let DfDr+x be a small inorement dx oi x. Then the area 
•^r^r+l is proportional to Bfir x 


Also BfGr^BG X = f ’< as, 

AJJ K 

where AD^^k. Hence in the limit the area of ByCr^i ^ 
ox 

proportional to ~r xdx. Also the pressure on each element 


of BfCf^x is very nearly equal to that at and is thus 
proportional to w.as. Hence the thrust on the element 

ovon^ 

■®r^r+l is proportional to - =—xdx. Therefore, as in Statics^ 


Art. Ill, and by the principles of the Integral Calculus, 


^ OAiJ , y 
2 -r ^dx X X 
k 


r. 


sddx 


«= . ~ TT 

S~s^dx 

k 


/: 


x?dx 


^ 

H ' ? 

g 3 


\k ~ }AD, 


Triangle with Its base In the snrface. In the 
figure of Page 194, let DR = x and let RS be a small 
inorement of os. Then, if DA ~ k. we have 


PQ^BC.{l~a. 


k--x 


so that the area of PU is proportional to a. 


—.dosin the 
k 


limit. 


As in the last case the pressure at each point of PU is 
very nearly that at i?, and is thus proportional to to. as. 
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Hence, when dx is veiy small, the thrust on PU is 
proportional to a —r- . dx x wx. 


Hence, os before, 

- ^“35 

Sa. -y- w 

ft 

.x.dxxx j 

r' 

ad {k-x)dx 

0 


2a . —;— w.x.dx 
k 

/■* 

j x(k-x)dx 


fife®* **“ 

‘ i* *• 



L 3 4_ 

0 3~ 4 

A , rv 



Id id~ 



r2"3j 

0 2 "3 



m 

Circle with its centre at a depth h below the 
surface and its plane inclined at ^n angle a to the 
horizontal. 

Take an element of the circle bounded by two horizontal 
lines at distances x and x + cb: from the centre. The area 
of this element =y(ibc= /Ja^~sc^ dos^ where a is the radius, 
and the thrust on it 

= Ja* — as® X (A + as sin a) to. 

Hence, as before, the distance of the centre of pressure from 
the centre of the circle 


r+a __ 

I Va* — a® (A +*aj sin a) wdx x x 

J-a 

r+oi _ 

/ s/a^-^Qi?(h’rXsiQ.a)wdx 

J—a 

j (ha cos 0 sin® 9 + a® sin a cos® $ sin® 9) d$ 
[ (h sin® 9 + aam a sin® B cos 9) dd 

Jq 
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on putting x = a ccns 0, 

['|Ao coa e Bin* (1 - oob 

(1 — 008 2$) + a sin a sin* 6 cos 6^dJ6 

rha ... o’sina "|* 

|-^8in*0+ —g— (0-j8m4^)J 

(d -i sin 20) + —g - sm*i9 


a" Bin a 


A 4A 

2 ^ 

This Agre^ with tlie result of Ex. 2, Page 61. 


' •jK * 

The result of Art. 119 may be more easily obtained by 
the use of the Integral Calculus. 

Let p be the pressure at a height Xtp + that at height 
X + Ax, where Ax is small, and p the density at height ^ so 
that p = kp, .(1). 

Then, considering the equilibrium of the element Ax of 
a thin column as in Art 119, we have 

j7=p +Ap+^pAx. 

[For this element is pressed upwards by p, and down¬ 
ward by p Ap.] , 

Hei^ce, cancelling and proceeding to the limit, we have 



Hence, by (i), ^ = 




/.log p = - 2 a: + a constant C 
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But when 0 = 0, p « p^. 

“ ’ A 

.-. logft=-|.0 + (7 .(3). 

ft 

Subtracting (3) from (2), we have 

^ P 9 • -** 

i P ~ Pi ‘ ^ 

Pi » 

This is the result of Art. 119, and gives the density at 
any height x. 





ANSWEHa 


I. (Page 12.) 

I. 156*25 kao8. 2, 6*6 lbs. wt. 8. 2J|lb8. wt. 

4. 7:1. 6. 3JJ lbs. wt.; 1091^ tons wt. 

7. 144 lbs. wt. per sq. inch. 

128 

8. • — = 40^j lbs. wt. per aq. inch. 

w 

9. 80 lbs. wt. per sq. inch. • • 

* • 

IL (Pages 17, IS.) * 

1. 562Jlbs. wt. 2. 4*629... 3. 135*98 lbs. wt. 

4. 13600 grammes wt. 5. 2*6. 6. cub. ft. 

7. Its volume is increased by 1*153... cub. cms. 

8. 5*72..., taking w = 9. sq. in. 

10. 6f. 11. *015625 cub. metre. 12. 8*721... 

13. 49*9... 14. 16. 

m. (Pages 21, 22.) 

1. 1 :3. 2. *9668... 8. *815. 

4. 15 ozs. 6. Y cub. ft. 

0, 342 C.C. andll0c.c. 7. J (a Pi + 2pg). 

8. 6 and 2. 9, *9375, 10. cub. cms. 

II. = “d 



u 


HTDROSTATIGS, 


IV. (Pages 34-~38.) 

1. 2291} lbs. wt. a. 196-84 a 3. 7} ft 
4. 36*864 ft. 6. 4 miles 1561-6 yds. 

6. 2833} lbs. wt. 7. 98 ft. 8. 64 ft. 

9. 14}}}. 10. 15*45... 11. 36*77... metres 

12. 73*65... cms. 13. 102000. 

14. 19*34... lbs. wt.; 2306*6 lbs. wt. 15. 15}. 

16. 2021*04 grains wt. 17. I}}}. 

18. 14*9556 cub. ins. 23. }n(n + l)^pA. 

V. (Pages 41—45.) 

' I 

1. 750 lbs. wt. 2. 162}} lbs. wt. 

3. 67600 grammes wt. on the upper face; 94500 
grammes wt. on the lower face; 81000 grammes wt. on 
each vertical face. 

4. 320 lbs. wt. 5. 104}} tons wt. 

6. 5062*5 grammes wt. 

7. 295617w grammes wt. 

8. 15066|} tons wt. 

9. }}} lbs. wt. per sq. in.;, = 21}} lbs. wt. 

10. It divides the vertical sides in the ratio ^^2 •i* 1 : 1. 

11. 1*2 kilogr. wt. 12. 1971*8... lbs. wt. 

13. 615}lbs. wt. 14. 6}ft.; l}ft. 

15. 1250 and 1312} lbs. wt. respectively. 17. 9 ft. 

18. a'du i a'{d + w, 



ANSWERS, 


••• 

m 


19. 25*322... ft. 21, [c + ^5cos0^. 

22. 9ra*«;[e + ^^cos^]. 

27. The required line is AX^ where X is on DC and 
DX= IDC, 

28. If X be the depth of the point in which the dividing 
line cuts a vertical side a of the square, then 

29 ? - 6a*a; + a* - 0. 


29. Divide the horizontal diameter into equal parts; 
ordinates to it at the points of division will divide the arc 
of the semicircle at the required points. 


30. If S6 be the depth of the point at which the dividing 
line cuts CB^ and a and be the depths of A and then 

2a!^ + 2oa;- /8 (a + /J) = 0. 

f 

35. The depth of the plane is in l>he first case, 


and is ^ in the second case, where h is the height of the 

z 


coae. 


VI. (Page 47.) 

2. It mast be half filled. 3. 20f lbs. 
Vn. (Pages 63-55.) 

1. 16:9. a 3:1. 4. Q<-2^.r*A«. 

e. (l)r*Aw(l-0i(2)»^i«(l + 0. 

T. }^» lbs. wt. 



iv 


HTDROSTATIQS. 


Vin. (Pages 58, 59.) 


1. rra'hw) at tan“^ “ to the hori¬ 

zontal. 

2. rhKnOy where h! is the height of the cone and r the 
radius of its base. 


3. 

, a*hw 


I --— ^ 

(y/Tr*-j-16 through the centre at an l tan“'- 


to the horizoD!»L 


3ira 


5. At an u tan“^ to the horizon. 

OA 


7. \ahwjT^a^ + 4A*. 


IX. (Pages 63, 64.) 

3. tan“>Vr. 

A IF(1 -I- 3 sin* a) ; STT sin a cos a ; where 2a is the 
vertical l of the cone and IT is the weight of the contained 
water. 

7. 3 IT tan a cos* (a + fi); . 

TT [1 -I- 3 tan a sin (a -i- jS) cos (a + /3)]. 

JTs 

8. ^-ira*io at an angle tan**^! to the horizontal 

through the centre of the hemispherical end, a being the 
radius of this end. 



ANSWERS. 


▼ 


1 . 

4. 

6 . 

8 . 

14. 

15. 

18. 

20 . 

28. 


X. (Pages 67-70.) 


2 . 3^ lbs. 3. 50 cub. oniR 
4; •00063. ‘ 6. 46Y^iy cub. metres. 

ZlHii cub. cms.; 8*661. 7. 267AV 

■726... inch. 12. 26. 13. 4Jina. 


There is a cavity of volume 1 cub. cm. 
463^J^ cub. ins. 18. 2*3. 17. 

3 bo + ca-^ab 


a + b + e* 3abc 
900 cub. ins.; 10 ins. 


19. 30 lbs. 
27. A(i-ey. 


84S 

5UT* 


30. 


XI. (Pages 71, 72., 

1. *50065. 2. I cub. in. 3. 13 6054... 

4. 407 : 618. 6. It will sink. 7. n- - . 

9. The new depth of in)met-bion is to the original depth 
as 3935 : 3948. 

m (Pages 75-77.) 

1. (1) 12 lbs. wt.; (2) 6 lbs. wt. 8. 37380 :37249. 

4. 97^1b8. wt.; 1461-Jlb8. wt 6. 18‘5. 

0. 15 grammes wt. t 7. 2:3. 

8. The piece of wood. 9. 6. 

10. The first is increased, and the second diminished, 
by a weight equal to that of the vrater displaced by the 
body. 

12. 2 cub. ins.; Iba wt 

13. 7{J lbs. wt.; 66 lbs. wt 



VI 


H7DR08TATIV8. 


Xm. (Pages 78, 79.) 

1 . 90 grammes’ wt. 3. 5 lbs. wt. 

4. 1680000 grammes. 5. 1 lU oz. wt 

6. 7. IJ. 

XV. (Page 84.) 

4. (1) (2) r, where r is the radius of the 

common base. 


XVI. iPages 87-90.) 

3. i: i. 

10. It riserf through a distance 


. 17. 


20-3(73 2 cr 80 -i 2 (ri(r, 


19. 7 : 18. 


<73 + 0-3 (Tg + Ci <7^ + 0-3 

20 . 

22. 126o-. sin^ B(b cos 0 — a sin &) 

= 4a^ cos ^ (2 - cos* $) - Coe + 3c® cos A 


XVII. (Phg0 95.) 

1. -75. 2. -7864 nearly. B. 7^\ 

4. 20458... 5. 6J. 


XVIIL (Pages 100, lOL) 

1. 1-525. 2. 3. 3.' 2j\. 4. *865. 

®* 13* 0* T* 0* *848. 

9. -9413 nearly. 10. 1-841. 11. 1-6. 

12. 9. 13. *87; 60 cub. cms. 

14. 30 grms. wt; 2. 15. -6. 18. 1.^. 

17. lbs.; 6^1 lbs. of gold and 1|.J lbs. of silver. 



ANSWERS. 


vii 

XIX. (Pages 108—110.) 

1. 3*456,3-Uia and 2 88. 2. 103. a 6^yins. 

4. 1*0947... 5. 1-j^ cub. cms. 

6 . , where cr is the sp. gr. of the substance of 


the bulb. 


7. 

•906. 

8 . 

10:13. 

9. 18:19. 

10 . 


11 . 

2*5. 12. 

8 . 13. 2^oz. 



XX. 

(Pages 111, 

112 .) 

1 . 

27*2. 

2 . 

6 inches. 



3. At the bottom of the vertical tube containing the oil. 

4. 1*7. 6. 14*9556 cub. inches. 6 * ^ cms. 

XXI. (Page 12a) , 

1. 1169*256 cms. 2. 929082 grms. wt., taking ir=\®-. 

3. ly^g^; the height would be lessened by a distance x, 
such that the weight of the mercury in a length x of the 
tube would equal the weight of the bullet. This assumes 
that the bullet fits the tulie exactly. If it floats in the 
mercury, there would be no alteration in the height 

4. 2*623... cms. 6. 1^ inch. 

XXn. (Pages 135-138.) 

1. *001292. 2. An increase of 8^^ grains wt. 

3. 31*6 feet. 

4. Till the level of the water inside is 2A feet below 
the surface of the water; 7A 

5. 32*75 ft. 6. 63 cms. 

8. The pressures on the two faces are 56^ and 22J lbs. 
wt. per square inch ; 8 inches. 

9. (1) It would float; (2) it would sink. 

L. II. 


10 



VIU 


HYDROSTATICS. 


10. 34*4 lbs. wt. nearly. 13. 7*6; 30 ft. 

15. Clinch. 16. ^32 inches. 10. 1501bs.wt. 

9 

20. ft, where h is th4 height of the water- 

barometer in feet 

XXIII. (Pages 141, 142.) 

1. (1) 94-84... cub. cms. j 7'90... cub. ft. 

2. 8^ cub. inches. 3. 10 cub. inches. 

4. 429 : 224. 7. 2870000 nearly. 

I 

•, ^ XXlV. (Pages 149-151.) 

' 2. cub. inch. 3. 5 inches. 4. 29-98 inches. 

5. 32J inches. 

7. That due to 63^ inches of mercury ; lOJ^f^ ins. 

8. 30 inches. 9. 84-295*2 grammes weight. 

10. 29*9 inches. i'll. 

XXV. (Pages 156-160.) 

1. 3*45... atmospheres, nearly. 2. l|ft. 

3. 14Jft 4. 20 ft.,; 132^V cub. ft. 

5. 500 cub. ft. 6. The quantities are as 3 : 2, 

7. The depth of the top of the bell is 3 inches; the 
height of the ww.ter-barometer is 33 ft. 

8. 33J ins.; 3 ft. 9 ins. 9. It remains constant. 

12. The air will flow out. 13. ^^PP**®** 



ANSWMS. 


m 

U 


14. 33 feet 

15 . ^ + 5 , where h is the height of the water-barometer 

2 6 

* 

and a that of the bell. 

18. (l)j^(V-A)-6y(i;(2)i^(V-ft)-*^; where 
<r is the sp. gr. of mercury. 


XXVI. (Pages 172-174.) 


1. ‘ The height varies from 31*73 to 35*13 feet. 

2. 42 ft 1 in. 3. 33 ft. 4 ins. » 4. 80. 

% 

5. It will. 0. 2 feet j 32-16^2=>3? feet nearlv. 

7. 8680f lbs. wt 8. 260^^1 ^ 


9. 


625ir 

"8 


lbs. wt.; 


:U25ir 

8 


lbs. wt 


10. Aw. CL.BL, with the notation of Arts. 128 and 130. 

11. 407r kilogrammes weight; COOtt kilogrammes weight. 

13. feet 11 No; 25J ft 


XXVn. (Pages 183-185.) 


I. 3:1. 2. They are as 9*; 10*. 

I The final pressure is to the original pressure as 
10* : IPy i.s. nearly as 10 : 21. 

5. (1) 5; (2) 8. 6. 1 7. 

9. Between 37 and 38. 10. 20. 

II. 22. 13. ftJf. 

II One quarter of atmospheric density. 


8|ins. 



hydrostatics. 


XXVin. (Pag© 189.) 
1. 34 feet. 2, 22 ft. Sjda 


XXTX. (Pages 199, 200.) 


3. «w. 

7. 3:6:4. 


XXX. (Pages 203, 204.) 


„ 6/fc‘-^A«-4AA; 

“2"(3A-A) * 

4. 3^r-ft.* 

• s 


3. 


6 Ar»-- Shk^U* 


2(.3A-2A) ' 


« 1 AS 

6 . 


8 A + 3’ 


2 . 


XXXI. (Pages 208-21X) 

a:* + ry + y* + 2A (ac + y) 


2 (as + y + 3A) 

4. Its depth is times "' at of the centre. 

7173 * 

7. - a, where a is the length of a side. 


xxxn. (Pwes 222- 227.) 


1 

JL 4 ■ • 


4. yp [A - (a* - y*)] at a distance y from the centre. 


6 . 


xj2f/h 


as a(u’^2y. 

ly?- 


IT <!»*«* 27r o*<u* — 2y* ,. 

7 . - or .-, according 

4 ff 3 «• 


19. 



AJfSWKBS. 


xi 


XZXIV. (Page 239.) 

1. 2:3. 2. 600 lbs. per sq. in. 

3. ^ mclx. 4. fl 

MISCELLANEOUS EXAMPLES. (Pages 240—248.) 

1 ., 89J^ydfl. 

2 . ‘6 grammes per cub. cm.; 1666| cub. cms. 


3, 

»o 

F5- 


A 

357JT grammes. 

« 5. 

11 : 9. 

8 . 

29*4 eras. 


9. 32000 cub. ftr* 

% 


10 . 

376ir 

64 

-8 = 

« 

about 10*4 ozs. 

11 . 

1*32. 

12 . 

•7r>. 

13. 

1 *6. 

lA of the original 

amount. 


15. 5'05... inches. 16. 337 :342. 

19. Its height = -J— • % • 

rj . o- 4 

20. If i) be the middle point of J5C, then 0 lies on DA 
and DO = i • DA, 

9h t 

21 . 27 : 64; ^, where h is the height of the cone. 

22 . ISirm^iO at tan"* J to the horizon. 

25. (1) It rises; (2) It falls in general. 

29. 1020 cms.; 2666600. 33. 38*85. 



HYDROSTATICS, 


xii 

43. 

44. 


^ wl^ sin* a cos a J\ + 3 sin* a. 

tam-’U v'l-2X«'+2i*»’J. where X .. . 


47. i [a + A + J{a + X)* + 4Ai], with the notation of 

JtKT 

Art. 123; (1) it rises; (2) it falls. 

53. 11232 xlO«, taking ^ = 32. 

59. 2 {nhp + /iV)* > par (2A'* + a*) + p* (2nA* — a"). 

60. (nA»p + A'»<r)*>p [A'V + |nAV cos> a]» 








